Lecture 22 (10/22). Please enable video if you can

b et D pete g o W o W&j Eu_ =W

o (T 3 MAT

—5 M
U\/\DS

(NJLL A FIH/ PQ'\‘B LM ’\uem%)
st 1S {/WL [\(> T \Y‘M\

/LL T e, H o Xaﬁvw\\ﬂ WN%\K/S«“NAQKJMB



Consider a market with a few risky assets and a bank.

Proposition 6.49. Suppose a market admits a risk neutral measure. If X is the wealth of a self-financing portfolio and 7 is a bounded
stopping time such that Xog =0, and X, > 0, then X, = 0. That is, there cant be an arbitrage opportunity al any bounded stopping time
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Question 6.50 Suppos et &, be i.i.d. random variable

X, = 1}. (1t is known that T < oo almost surely.) What is EX,? What is|limy
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6.5. American Options. An American option is an option that can be exercised at any time chosen by the holder.

Definition 6.51. Letm be an adapted process. An American option Wlth(mtmnszc valu% G is a security that pays G, at

any finite stopping time o chosen by the holder.

Ezample 6.52. An American put with strike K is an American option with intrinsic value (K — S,,)*
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Question 6.53. How do we price an American option? How do we decide when to exercise it? What does it mean to replicate it?
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Strategy I: Let g be a finite stopping time, and consider an option with (random) maturity time g and payoff G,. Let Vo denote the
arbitrage free prlce of this option. The arbitrage free price of the American option should be Vi = max V, wheré the mw

Lz g

ver all finite stopping times o.

efinition 6.54. The optimal exercise time is a stopping time ¢* that maximizes VO"* over all finite stopping times.
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Definition 6.55. An optimal exercise time ¢* is called minimal if for every optimal exercise time 77 we have o* < 7
= —

Remark 6.56. The optimal exercise time need not be unique. (The minimal optimal exercise time is certainly unique.)
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Question 6.57. Does this replicate an American option? Say o* is the optimal exercise time, and we create a replicating portfolio (with
wealth process X ) for the option with payoff Go« at time o*. Suppose an investor cashes out the American option at time 7. Can we pay
him?



Strategy II: Replication. Suppose we have sold an American option with intrinsic value G to an investor. Using that, we hedge our
position by investing in the market /bank, and let X,, be the our wealth at time n.

(1) Need X, > G, for all finite stopping times o. (Or equivalently X,, > G,, for all n.)
(2) For (at-least] one stopping time o*, need Ko = Gon.

. . . . . R
he arbitrage free price of this option is Xj.
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