Lecture 18 (10/13). Please enable your video if you can
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6.3. Options with random maturity. Consider the N period binomial model with 0 < d <1+ w

— —
Example 6.29 (Up-and-rebate option). Let A,U > 0. The up-and-rebate option pays the face value A at the/first time the stock
pri eeds U (up to maturity time INV), and nothing otherwise. Explicitly, let| 7 = min{n < Sn= T },andTet 0 =7 A N. The

up-and-rebate options pays Al,<n at the random time o.

Remark 6.30. |By convention min () = co.
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Definition 6.31. We say a random variable 7T is a stopping time if:

(2) Foralln<N thee ent {7 <
Remark 6.32.

n} € Fn.

We say 7 is a finite stopping time if 7 < oo almost surely.

Remark 6.33. The second condition above is equivalent to requiring {z = n} € F,, for all n.
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Questi .34. Is 7 =5 a stopping time? A~ \6$ U C/LW'L Y @ Rﬁjﬂ (rCD Q %Oj - N% U%V% :
At 4
@ the first time the stock price hits U a stopping time? {
Cues ion 6.36. Is the last time the stock price hits U a stopping time? éz@g { \/
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Question 6.37. If o and T are stopping times, is 0 A T a stopping time? How about o V 77
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o Let Q\ be an adapted process, and g be a finite stopglng time.
o Consider a derivative security that | pays G, at the random timé
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Note G, Zgﬁ[pn o= nf;g g T=NY . ? W4
Let (Xo, (A )) be a self-financin portfoho and X at time n be/the wealth of this portfolio at time n.

Definition 6. 38 A self-financing portfolio with Wealth process X X is a replicating strategy [if X = G

Theorem 6.39. The security with payoﬁG (at the stopping Wwplzcated The arbztmge free price is given by

— X 1 D,G,1
{o>n} 22 E,(D,G, L{U/>i})
Remark 6.40. The only thing required for the proof of Theorem 6.39 is the fact that X, is the wealth of a self-financing portfolio if and

only if D, X,, is a P martingale. -
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