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5.5. Change of measure. (/ /\QQ‘l’ (‘W‘/\/WQ -

Ezample 5.52. Consider i.i.d. coin tosses with P(w, = 1) = p; and P(w, = =1) = ¢1 = 1 — p;. Let i’d >0, r > —1. Let
Spi1(w) = uSy(w) if wpyp1 =1, and Sy 41 (w) = dSp (W) if wpyr = —1. Let\D,, = (1 +r)~" be the “discount factor”.
Suppose we now invented a new “(@gnﬂm;r@m that comes up heads with probability p; and tails with probability ¢; =1 — p;.

Let !:3, E,, etc. denote the probability and conditional expectation with respect to the new “risk meutral” coin. Find p; so that D, S, is a
P martingale. :

Theorem 5.53. Consider a market where S, above models a stock price, and r is the interest rate with 0 < d < 1+ r < wu. The coins
land heads and tails with probability p1 and q1 respectively. If you have a derivative security that pays Vn at time N, then the arbitrage
oA e
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free price of this security at time n < N is given by
—
: (‘ToU ?@

Remark 5.54. Even though the stock price changes according to a coim that flips heads with probability p1, the arbitrage free price is
computed using conditional expectations using the risk neutral probability. So when computing E,Vy, we use our new invented “risk
neutral” coin that flips heads with probability p; and tails with probability ¢.
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o Let D Q2 — [0,1] be a probability mass function on 2, and P(A) = > ., p(w) be the probability measure.
e Letp: Q— [0,1] be another probability mass function, and define a second probability measure P by P(A) = > e b(w).

Definition 5.55. We say P and P are equivalent if for every A € Fy, P(A) = 0 if and only if P(A) = 0.
——

Remark 5.56. When (1 is finite, P and P are equivalent if and only if we have p(w) =0 <= p(w) =0 for all w € Q

We let E, E,, denote the expectation and conditional expectations with respect to P respectively
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Ezxample 5.57. Let Q be the sample space corresponding to N i.i.d. f_alr coins (heads is 1, tails is —1). Let a € R and define
Xpt1(w) = X (w) + wpt1 + a. For what a is there an equivalent measure P such that X is a martingale?
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6. The multi-period binomial model

6.1. Risk Neutral Pricing.

« In the multi-period binomial model we assume_ = {+1}~ corresponds to a probability space with N i.i.d. coins.

n n = ]_7 -
o Let u,d >0, Sy > 0, and define S, = WS Wit
ha 2]

ngn Wn41 = —1.
e u and d are called the up and down factors }espectively.
o Without loss, can assume d < u.
o Always assume no coins are deterministic: p; = P(w, =1) >0and ¢y =1 —p; = P(w, = —1) > 0.
e We have access to a bank with interest rate r > —1.
e D, = (147)"" be the discount factor ($1 at time n is worth $D,, at time 0.)
— >

Theorem 6.1. There exists a (unique) equivalent Lneasure P under which process D,,S,, is a martingale if and only if d < 1+ 7 < ul In
this case P is the probability measure obtained by tossing N~ i.i.d. coins with

_ B 14+r—d ~ - u—(1+r)
P n:l = :7’ P n:—l = = -,
n=D=h="""3 n=—N)=0 =" "3

=

~ _———
Definition 6.2. An equivalent measure P under which D,,S,, is a martingale is called the

Remark 6.3. If there are more than one risky assets, S', ..., Sk, then we require D, S}, ..., D,S¥ to all be martingales under the risk
neutral measure P. \ '

Remark 6.4. The Risk Neutral Pricing Formula says that any security with payoff Vjy at time N has arbitrage free pricd V,, = ﬁER(D NVN)
at time n. '
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