
Lecture 8 (9/17). Please enable your video if you can.



Theorem 5.31. (1) If X, Y are two random variables and α ∈ R, then En(X + αY ) = EnX + αEnY . (On homework).
(2) (Tower property) If m � n, then Em(EnX) = EmX.
(3) If X is Fn measurable, and Y is any random variable, then En(XY ) = XEnY .







Theorem 5.32. If X is independent of Fn then EnX = EX.









Theorem 5.33 (Independence lemma). If X is independent of Fn and Y is Fn-measurable, and f : R → R is a function then

Enf(X, Y ) =
m�

i=1
f(xi, Y )P (X = xi) , where {x1, . . . , xm} = X(Ω) .



5.4. Martingales.

Definition 5.34. A stochastic process is a collection of random variables X0, X1, . . . , XN .

Definition 5.35. A stochastic process is adapted if Xn is Fn-measurable for all n. (Non-anticipating.)

Question 5.36. Is Xn(ω) =
�

i�n ωi adapted?

Question 5.37. Is Xn(ω) = ωn adapted? Is Xn(ω) = 15 adapted? Is Xn(ω) = ω15 adapted? Is Xn(ω) = ωN−i adapted?

Remark 5.38. We will always model the price of assets by adapted processes. We will also only consider trading strategies which are
adapted.



Example 5.39 (Money market). Let Y0 = Y0(ω) = a ∈ R. Define Yn+1 = (1 + r)Yn. (Here r is the interest rate.)

Example 5.40. Suppose Ω = {±1}N ∼= {H, T}N ∼= {1, 2}N . Let S0 = a ∈ R. Define Sn+1(ω) =
�

uSn(ω) ωn+1 = 1 ,

dSn(ω) ωn+1 = −1 .

Is Sn adapted? (Used to model stock price in the multi-period Binomial model.)



Definition 5.41. We say an adapted process Mn is a martingale if EnMn+1 = Mn. (Recall EnY = E(Y | Fn).)

Remark 5.42. Intuition: A martingale is a “fair game”.

Example 5.43 (Unbiased random walk). If X1, . . . , XN are i.i.d. and mean zero, then Sn =
�n

k=1 Xk is a martingale.


