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(Theorem 5.31. (1) If X,Y are two mndom vamables and a € R, then E, (X + oY) = E, X + aE,Y. (On homework).
_— (—>

(2) (T m < n, then E,, 1
(8) If X is F,, measurable, and Y zs any mnaom vamable then E (XY! =XE,Y.
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Theorem 5.32.

If X is independent of F,|then E, X @
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Theorem 5.33 (Independence lemma). If X is independent of F,, andY is F,-measurabld, and f: R — R is a function then
= . = =

c/ E,f(X|Y)= Z f(z,Y)P(X =), where {x1,...,Tm} = X(Q).
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5.4. Martingales.
e
Definition 5.34. A stochastic process is a collection of random variables Xg, X1, ..., Xn.
———— ¢ —_ =

Definition 5.35. A stochastic process iy adapted fif X, is F,,-measurable for all n. (Non-anticipating.)

n(w) = wis| adapted? 1s \X,,(w) = wn—; ¢dapted?

Remark 5.38. We will always model the price of assets by adapted processes.” We will also only consider trading strategies which are

adapted. 5
m: 2 W, (wiéi’i\i,>



Ezample 5.39 (Money market). Let Yy = Yo(w) = a € R. Define Y,,41 = (1 4+ r)Y,,. (Here r is the interest rate.)

uSp (W) wWnyr =1,

Ezample 5.40. Suppose Q = {1}V = {H T}V = {1,2}V. Let Sy = a € R. Define S,,41(w) = {dS () )
n\W) Wpy1 = —1.

Is S, adapted? (Used to model stock price in the multi-period Binomial model.)



Definition 5.41. We say an adapted process M,, is a martingale if (Recall E,.Y = E(Y | Fp).)

Remark 5.42. Intuition: A martingale is a “fair game”.

Ezample 5.43 (Unbiased random walk). If Xy,..., Xy are i.i.d. and mean zero, then S, = >_}'_, X}, is a martingale.



