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Definition 5.28. Let X be a random variable, and n < N. We define the |conditional expectation|of X given F,, denoted by E, X, or
E(X | F,.), to be the unique random variable such that: = -
/7(1) E, X is mandom variable. -

é(?) For everyiA C ]-'n! we have EM = ZweAX(w)p(w).\J

Remark 5.29. This is the definition that generalizes to the continuous case. All properties we develop on conditional expectations will
only use the above definition, and not the explicit formula.
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Theorem 5.31. (1) If X,Y are two random variables and\m S R,ithen En(:X' +aY)=E, X +aE,Y. —On’ho@/
2) (Tower property)) If m < n, then E,,(E,X) = E,; X. §
(3 e, and Y is any random variable, then @(XY) =XE,Y
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Theorem 5.32. If X is independent of F,, then E, X = EX.



Theorem 5.33 (Independence lemma). If X is independent of F,, and Y is F,,-measurable, and f: R — R is a function then

E,.f(X,Y)= Zf z, YYP(X = x;), where {x1,...,xm} = X(Q).



5.4. Martingales.

Definition 5.34. A stochastic process is a collection of random variables Xg, X1, ..., Xn.
Definition 5.35. A stochastic process is adapted if X,, is F,,-measurable for all n. (Non-anticipating.)
Question 5.36. Is X, (w) =)
Question 5.37. Is X,,(w) = wy, adapted? Is X, (w) = 15 adapted? Is X, (w) = wis adapted? Is X, (w) = wn_; adapted?

w; adapted?

i<n

Remark 5.38. We will always model the price of assets by adapted processes. We will also only consider trading strategies which are
adapted.



Ezample 5.39 (Money market). Let Yy = Yo(w) = a € R. Define Y,,41 = (1 4+ r)Y,,. (Here r is the interest rate.)

uSp (W) wWnyr =1,

Ezample 5.40. Suppose Q = {1}V = {H T}V = {1,2}V. Let Sy = a € R. Define S,,41(w) = {dS () )
n\W) Wpy1 = —1.

Is S, adapted? (Used to model stock price in the multi-period Binomial model.)



Definition 5.41. We say an adapted process M, is a martingale if E, M, 1 = M,. (Recall E,Y = E(Y | F,,).)
Remark 5.42. Intuition: A martingale is a “fair game”.

Ezample 5.43 (Unbiased random walk). If Xy,..., Xy are i.i.d. and mean zero, then S, = >_}'_, X}, is a martingale.



Question 5.44. If M is a martingale, and m < n, is E,, M, = M,,?



Question 5.45. If M is a martingale does EM,, change with n?



Question 5.46. Conversely, if EM,, is constant, is M a martingale?



