


4. Binomial model (one period)
Say we have access to a money market account with interest rate r. The binomial model dictates that the stock price varies as follows.

Let p ∈ (0, 1), q = 1 − p, 0 < d < u (up and down factors). Flip a coin that lands heads with probability p, and tails with probability q.
When the coin lands heads, the stock price changes by the factor u, and when it lands tails it changes by the factor d.

Question 4.1. When is there arbitrage in this market?



Question 4.2. If a security pays V1 at time 1, what is the arbitrage free price at time 0. (V1 can depend on whether the coin flip is
heads or tails).













Question 4.3. What’s an N period version of this model? Do we have the same formulae?



5. A quick introduction to probability
Let N ∈ N be large (typically the maturity time of financial securities).

Definition 5.1. The sample space is the set Ω = {(ω1, . . . , ωN ) | each ωi represents the outcome of a coin toss (or die roll).}
� E.g. ωi ∈ {H, T}, or ωi ∈ {±1}.
� Coins / dice don’t have to be identical: Pick M1, M2, . . . , ∈ N, and can require ωi ∈ {1, . . . , Mi}.
� Usually in probability the sample space is simply a set; however, for our purposes it is more convenient to consider “coin toss spaces”

as we defined above.

Definition 5.2. A sample point is a point ω = (ω1, . . . , ωN ) ∈ Ω ∈ Ω.

Definition 5.3. A probability mass function is a function p : Ω → [0, 1] such that
�

ω∈Ω p(ω) = 1.

Definition 5.4. An event is a subset of Ω. Define P (A) =
�

ω∈A p(ω).


