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1. Preface.

These are the slides T used while teaching this course in 2020. I projected them (spaced out) in class, and filled in the proofs
by writing over them with a tablet. Both the annotated version of these slides with handwritten proofs, and the compactified
un-annotated version can be found on the class website. The I&TEXsource of these slides is also available on git.



1.

Syllabus Overview

Class website and full syllabus: http://www.math.cmu.edu/~gautam/sj/teaching/2020-21/720-measure

TA: Lantian Xu <lxu2@andrew.cmu.edu>

Homework Due: Every Wednesday, before class (on Gradescope)

Midterm: Fri Oct 9th (90 mins, self proctored, can be taken any time)

Zoom lectures:

> Please enable video. (It helps me pace lectures).

> Mute your mic when you’re not speaking. Use headphones if possible. Consent to be recorded.

> If I get disconnected, check your email for instructions.

Homework:

> Good quality scans please! Use a scanning app, and not simply take photos. (I use Adobe Scan.)

> 20% penalty if turned in within an hour of the deadline. 100% penalty after that.

> Bottom 20% homework is dropped from your grade (personal emergencies, other deadlines, etc.).

> Collaboration is encouraged. Homework is not a test — ensure you learn from doing the homework.

> You must write solutions independently, and can only turn in solutions you fully understand.

Exams:

> Can be taken at any time on the exam day. Open book. Use of internet allowed.

> Collaboration is forbidden. You may not seek or receive assistance from other people. (Can search forums; but may not post.)
> Self proctored: Zoom call (invite me). Record yourself, and your screen to the cloud.

> Share the recording link; also download a copy and upload it to the designated location immediately after turning in your exam.



e Academic Integrity
> Zero tolerance for violations (automatic R).
> Violations include:
— Not writing up solutions independently and/or plagiarizing solutions
— Turning in solutions you do not understand.
— Seeking, receiving or providing assistance during an exam.
— Discussing the exam on the exam day (24h). Even if you have finished the exam, others may be taking it.
> All violations will be reported to the university, and they may impose additional penalties.
e Grading: 40% homework, 20% midterm, 40% final.



2. Sigma Algebras and Measures
1

e Motivation: Suppose f,: [0,1] — [0,1], and (f,) — O pointwise. Prove lim fn=0.

n—oo
> Simple to state using Riemann integrals. Not so easy to prove. (Challenge!)
> Will prove this using Lebesgue integration.

— Riemann integration: partition the domain (count sequentially)
— Lebesgue integration: partition the range (stack and sort).

o Goal:
> Develop Lebesgue integration. /l
> Need a noti “measure” (generalization of volume) MA_




y <G

((Banach Tarski)). There exists;n € N, sets Ay, ..., A, C B(0,1) CR? such that: <
o, Ay partition 1). S W W CP
/(%) There exist isometriéd R; such that Ri(Ay), ..., R.(Ay) partition B(0,2).
<7 v/

e How do you explain this?

s




Definition 2.2 (c-algebra). Let X be a set., We say}J/C_BQ(r) is a o-algebra on X if:
(1) Nonempty: § € 5— *

9 (2) Closed under compliments: A € ¥ = ﬁ_ﬁ)\ @
— (3) Closed under countable umons\jl\/\le = U, A e % -~ C 2 > A C/j
Remark 2.3. Any o-algebra is also <\ [ |
- )@M/-?MS Mg
Question 2.5. Is ¥ = {0, X} is a o-algebra? D X
Question 2.6. Is ¥ = {A||A] < o0 or |A°] < 0} a a—algebm?\b = x 'S \‘"\Ag )

Question 2.7. Is ¥ ={A| either A or A° ZSW a o-algebra?

7@27/’ ’ C%’WV“ > W‘(M{)

nder countable intersections.

Question 2.4. Is P(X) is a o-algebra?




/W\
Proposition 2.8. IfVa € A, ¥, is a g-algebra, then so is () ,c 4 Xa- éé
% S -

Definition 2.9. If \fﬂ CP(X), deﬁn@ to be the intersection of all o-algebras containi
Remark 2.10. o(€) is the smallest o-algebra containing £.

Definition 2.11. Suppose X is a topological space. The Borel o-algebra on X is defined to be the o-algebra generated by all open
subsets of X. Notation: B(X).

) by taking all countable unions / intersections of open and closed sets?
}< “2 . | § O%m éxlg i &Cﬁ\ﬁﬁCZB
s+ (Y BIRY- ] A@%{M :M Vg LE g V..
(N
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Definition 2.14. Le@e a o-algebra 01@'\@ say p is a (@E@) measure on (X, ) if:
é—/
(1) p: ¥ —10,00]

Q=0 = o . .
e additivity): Ei, Es,--- € ¥ are (countably many) pairwise disjoint sets, then p(lJ,—, £i) = >_,—; n(Es).

Question/ 2.15. Is the—second assumption necessary?

Question = cardinality of A. Is pu a measure?

Question 2.17. Fiz xg € X. Let u(A) =1 if xp € A, and 0 otherwise. Is p a measure?
Theorem 2.18. There exists a measure A on B(R?) such that \(I) = vol(I) for all cuboids I.

{
<> Jahes > haX >H’%b@

kel
TRV = e 1r @) S p(P)- O



Definition 3.14. Let ¥ be a o-algebra on X. We say p is a (positive) measure on (X, X) if:
(1) p: X — [0, 00]
(2) u(®) =0
—3(3) (Countable additivity): E1, Ea,--- € X are (countably many) pairwise disjoint sets, then pu(UU;2, Ei) = > oo u(Es)

Py [+ c%vt\w@

Question 3.17. Fiz xg € X. Let u(A) =1 if xg € A, and 0 otherwise.' Is p a m asure?
Theorem 3.18. There exists a measure A on B(R?) such that \(I) = vol(I) for all cuboids I.

Question 3.15. Is the second assumption necessary?

Question 3.16. Let u(A) = cardinality of A. Is p a measure?




e Goal: Define [, fdu (the Lebesgue integral).

e Idea:
> Say s : X — R is such that s = Ziv a;14,, for some a; € R, A; € 3. (Called simple functions.)
> Define [y sdu = Zf[&,u(Ai). T ( x E 7AY

e Will do this after constructing the Lebesgue measure.

> If f >0, define [ fdp =sup,c; [y sdp. jﬂ&cB

x%ﬂ(.




4. Construction of the Lebesgue Measure if
@/ \a SN >

4.1. Lebesgue Outer Measure. / CQ) (7:) CQ/ {7> )

Definition 4.1. We say I C R is a cell if [ is a finite interval. Define {(I) = sup I — inf I.
———

Definition 4.2. We say I C R? is a cell if it is a product of cells. If I = I; x --- x I, then define ¢(I) = H?Zl 01).

—

Remark 4.3. ((T) = ((I) = ((I).

Remark 4.4. O = [[¥(a,a), and so £(() = 0.

Remark 4.5. For all a € RY, (1) — I +0).

Theorem 4.6. There exists a (unique) measure A on (RY, B(R?)) such that \(I) = £(I) for all cells I.

Question 4.7. How do you extend £ to other sets?



Definition 4.8 (Lebesgue outer measure). Given A C R9, define \*(A) = inf (1) ‘ A C | )1, where I, is a cell ;.

Remark 4.9. Some authors use m* instead of \*.
S~ —~
Remark 4.10. \* is defined on P(R?); but only “well behaved” on a o-algebra.

Question 4.11. What is \*(0)? What is \*(R) ?

[l L + 0o, méiWQ




(Proposition 4.12. If E C F, then A*(E) < A*(F).
Proposition 4.13. If By, Es, ...C R%, then \*(UPE;) < Y07 A (E;).
LN

fevi, de>o 34, T 7 f(g;}> % Q@;)Q"%
CE; = (ZL[,Q.
0y U I, 2 Ve
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> 5[ty 7 Loy <E0E D7 tee
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Proposition 4.14. Let A, B C R%, and suppose d(A, B) >0} Then A*(AUB) = A« (A) + A« (B).

Proof: Only need to show \*(AU B) > \*(A) + M\*(B). If A*(AU B) = oo, we are done, so assume A*(A U B) < o,
TN St

Tk £>0, y ;
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nce).\ For all A C R? aER (A)z)\*(oz—i—A.
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4.2. Carathéodory Extension. Our goal is to start with anWand restrict it to a measure.

Definition 4.19. We say u* is an outer measure on X if:

(1) p*: P(X) = [0, 00], and[p*(0) = 0/

(2) fACB then I (A) W (B).

—>(3) If‘A;Q X (not necessarily disjoint), then p* (U2, A;) < >0y pw*( CCM[W]/\L W}T O\A?U/\J(VVE>

Example 4.20. Any measure is an outer measure.
\Examp e42t: e Lebesgue outer measure is an outer measure.



Theorem 4.22 (Carathéodory extension). Let ¥ = {ECX|p(A)=p (ANE)+p (AN E) YA C X}. Then X is a o-algebra,

and p* is a measure on (X,Y). — — T -
P

Remark 4.23. Clearly p*(A) < p*(ANE) + p* (AN E°) for all £, A.

Intuition: Suppose p* = A*. In order to show p*(A) > pu*(ANE) + p*(AN E°), cover A by cells so that p*(A) > > (1) — ¢
Split this cover into cells that intersect E and cells that intersect E€. If E' is nice, hopefully the overlap is small.

W Fin < AGQWCAQM ¢k B ok o)
(2) o aie ods £ (Be3) do b fA)= FlOD) I Z(ADE)
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wihes UW‘{U v K(K) = MM qﬂ SN
FeY = E°eX. ff@(\

3) E,Fe€¥ = EUF €X. (Hence

ONE EUrc 7.

LE,e¥ = UTE; €X.)

(A
= (b7 )E) + )A(Af\ W}(\Q M(\(ﬁu;ﬂ (VEED).
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(4) If Eq,...,E, € ¥ are pairwise disjoint, A C X, then\,u* (AN (ULEy)) = > T w (AN E;). 1

M F (A (Rw)) - Flaog) +F‘(m A (hex efg Z>

) 5(\9;?
7l p(M(ﬁu% = ﬁ(M\(EUHQQ f ﬁ( oé}
—F(AE) (k0 )
OED







Remark 4.24. Note, the above shows|u*(AN (UPE;)) = > w* (AN E;).




Definition 4.25. Define the Lebesgue o-algebra by\E(Rd) = {E| )\ (A) = (AN E)NA* (AN E°) VA C R?}.

Definition 4.26. Define the Lebesgue measure by A(E) = N (E) for all E € L(RY).

Remark 4.27. By Carathéodory, £(R?) is a o-algebra, and \ is a measure on L.
Question 4.28. Is L(R?) non-trivial?






Definition 4.25. Define the Lebesgue o-algebra b L}Rd {E|X(A) =X (AN E)“* (AN E°) YA C R?}.
Definition 4.26. Define the Lebesgue measure by \(E) = \*(E) for all E € L(RY).
Remark 4.27. By Carathéodory, £(R?) is a o-algebra, and ) is a measure on L.

N——/

Question 4.28. Is L(R




oposition 4.29.\If I CR? is a cell, then I € L(R?).

Proof: X Y (re XGLA ><A>f j\e(Amz) *f(”(ﬂia>
oo D%(J NT¢ }UD = A(A0D) ¢ i@ﬂi

(T Ja} <4

Tk 220 Pk, dl 3 3, ki . M@ JT)>0
> MR A (A0 (g l)‘>>f§(Aq\) st
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L
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Here are two results that will be proved later:
Theorem 4.32.| L(R? In fact the cardinality of L(R?) is larger than that of B(RY).)
Theorem 4.33.|L(R?) C P(RY).

(T (4.




Theorem 4.34 Uniqueness). If p_is any measure on (RY, B(RY)) such that u(I) = \(I) for all cells, then u(E) = \(E) for all
Ec B(Rd) L’A #‘

Question 4.35. Let 5 C P(X), and suppose W,V are two measures which agree on £. Must they agree on §(H)? V’Cg>
Aot ey agvet OR AT E

¢=5h & | 0o, ¢
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5. Abstract measures

5.1. Dynkin systems. / IO 0 ,

Question 5.1. Say u.v_are two measures such that p = v or@ Y. Must p=v on o(I)?
I — v’”\____/—-m

> Clearly need # to be closed under intersections.

I \) %
N R R A B

0 %@M“@WW NE
| ww

Y




Question 5.2. Let A={AeX| u( ) = I/(A)}. Must A be a o-algebra?
- -
> IfA,BeA must AUB €€ A? \)()

> IfAC B, A B € A, must B — A € A? C v, %,M} \/¢g>
IfﬁYHlGA must U°°A € A? y\’ 7

HE~A) - 1(2) - i) = YD —h) = BH)




5. Abstract measures ) @
5.1. Dynkin systems.

Question 5.1. Say p, v are two measures such that w=v on L C X. Must p=v on o(Il

> Clearly need II to be closed under intersections

Miﬂqoww)mm# ket Mast

| A=) B4 = v(E-d)
(\A) %WAQ W I‘\(l@} _ Y/CZ> ﬂ cz
=V o 1)

= pvomov ()




Question 5.2. LtA {AeX|uA A)}. Must A be a o-algebra? ( V t,',,le

@f@/ MIL ~/1> 2/@) - )

=) — V(K

2 4w

> If A,B € A, mu tAUBEA
IfACB, A, Be A must{B—AcA?
fACA+€AthAeA7 /\)OH%V@ZE@AQE;

f




Definition 5.3. We say A C P(X) is a_\-system if:
M

(1
——=(2y1f AC Band A,B € A then B— A € A.

—>(3) If A, € A, A, C A1 then U A, € A.
= ne =
Definition 5.4. We say II C P(X) is a m-system if whenever A, B € II, we have AN B € IL

=
/Lemma 5.5 (Dynkin system lemmai)) IfH is a w-system, and A D 11, then@—‘\
-:>-—'
measures such that p = v on I, and Il is closed under intersections, then )f% =v on o(Il). )

Corollary 5. %/If 1, v are finite
(0ad Reamm X ETY
Lﬂ - qa e’ wo QGRS
7\ (N X @474 %‘% 4/M>
A2 0 QM%} )
D Il —= D
Dhdin = N 2 () s




7 of Lemma 5.5 CA(Q)& A“ sﬁﬂ[h/l
he i i ion of A\-systems is a A-system.|So it make sense to talk about A(II).
If A DI, then A D A(IL).

3) If@oth a m-system and a A-system, then A is a J—‘algebr : ?M (J\IB W>
i L@ ne j{ seeh e AUBEN

(ﬂbg AOZ € N Q/\ NS r%)S) A%é/\(@ i\c)'ééf\
Ao eh—(n o s d-sp) Johaten (o)
@'(Ml&?e/\ /Q ] e A

e koe-(Fag)eh o

(X-0=2) —2 (. s

QW\? Q“mc@ ANRNS OM M\é«/ [z J@ML A9
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(4) To fini hthp of, we only need to show A(II) is closed under inter
(5) Let C € A(II), and define Ac {BeMII)| BNC e I ﬁ\rﬁr’—ytm

?%%5XCA (et KOC DT = Ve )
(2 4 re Ac o oACR . NIe Bene A
ot B-HOcerd)
B-hyoc - @C\ L) - @raq

MO} m)
m

0N
Bive wive STl MM




If B,C € A(II), then BN C € A(II).

(6
)i Suppose first D € II. Thon D 0 B € A(I) for all B € A(ID).
@‘ all B € A\(IT), we must have Ag 2 A(IT).

>(R(S'b Dzﬂ (r] %ggf,eﬂw_}
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\52 Regularity of measures. ﬁ SRS VA S CX) @<K>> .

Definition 5.7. Let X be a metric space, and p be a Borel measure on X. We say p is regular if:
(? 1) For all compact sets K, we have u(K) < co.

2) For all open sets U we have p(U) = sup{u(K) | K C U is compact} — (IMW‘/ L 3
3) For all Borel sets A we have u(A) = inf{u(U) | U 2 A U open}

Motivation: ﬁ’ )\ CO&@V W>

> Approximation of measurable functions by continuous functions

ifferentiation of measures
[>) U

niqueness in the|Riesz representation

Question 5.8. If u is regular, is p(A) =|{sup{u(K) | K € A, K compact} for all Borel sets A? CF@ 4 T %p\>

@& | el
e N \? W m
(€ £ Mo o gl



Remark 5.9. (1) If X = R¢ and p is regular, then p(A) = sup{u(K) | K C A, K compact}.
(2) Further, for any € > 0 there exists an open set U 2 A and a closed set C' C A such that (U — C) < e.
(3) If u(A) < oo, then can make C above compact. T e

Proof. Will return and prove it using the next theorem. ([l

Theorem 5.10. Suppose X is a compact metric space, and p is a finite Borel measure on X. Then u is reqular. Further, for any
e >0, there exists U 2 A open and K C A closed such that n(U — K) < e.



5.2. Regularity of measures.

Definition 5.7. Let X be a metric space, and p be a Borel measure on X. We say p is regular if:

or all compact sets K, we have u(K) < oc.
For all open sets U we have u(U) = sup{u(K) | K C U is compact}.
(3) For all Borel sets A we have u(A) = 1nf{,u( )|U D A, U open}.

Motivation:

> Approximation of measurable functions by continuous functions
> Differentiation of measures

> Uniqueness in the Riesz representation theorem

Question 5.8. If u is reqular, is u(A) = sup{u(K) | K C A, K compact} for all Borel sets A?

(ﬁm(% — imfl N Q~€><>



(2) Further, for any £ >0 & > 0 there exists an open set U> A and a closed set C C A such that
(3) If u(A) < oo, then can make C' above compact.
—
Proof. Will return and prove it using the next theorem. O

b Ol .

CRIspLe

[Remark 59. (1) If X _,K and 4 i hen /AA}F up{u IA;?| KCA K compact}]j
u(U = C) <

Theorem 5.10. Suppose X is a compact metric space, and_y is a finite Borel measure on X. {Then p is regula} Further, for any

€ >0, there exists U 2 A open and K C A ¢ such that p(U — K) < e.
) e K (M@
e Y !
e
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Proof:
(1) L {A € B(X)|Ve >0, 3K C A compact, U 2 A open, such that u(U — K) < e}.
ains all open sets.

ORI G{'zw NS Yo Tk et o o p(-k)<E
v

el = D Ry CRX i o B, ck,
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L
a A-system. (In this it’s easy to directly show that A is a o-algebra.)

@@mpl ADB()W
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Corollary 5.11. Let X be a metric space and p a Borel measure on X. Suppose there exists a sequence of sets By, C X such that
B - Bn+1, B, is compact, X = U B, and. Then p is reqular. Further:

(1) For any Borel set A, p(A) = sup{u(K) | K C K is compact}.
(2) For any e > 0, there exists U 2 A open and C C A closed such that n(U — C) < &

Proof. On homework.

K= &EM f




Theorem 5.12. Let A € L(R )ﬁ} <>\ AQL{QM[ W4>
A,

(1)@1\_' f{)\ JIU 2 A, U open} = sup{\(K) |K K compact}.
(2) Ther €>0,CC A closed a dUDA open htht)\(U—C <e.

T4 0 s - W oy u2y, N
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5.3. Non-measurable sets.

Theorem 5.13. There emstswfuch that E ¢ L(R).
Proof:

(1) Let Cq ={B € R[S —a € Q}. (This is the coset of R/Q containing c.)
(2) Let E C R be such that |[ENCy| =1 for all a.

(3) Note ST q1,q2 € Q with ¢1 # g2, then ¢ + ENgy + E = ().

(4) Suppose for contradiction E € L(R).

(5) AM(E) >
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5.3. Non-measurable sets.

Theorem 5.13. There exists/ E C R such that E & L(R).

Proof:

(1) Let 2%’)7 {BEeR|B—aeQ}. (This is the coset of ]BLcontalmng a.)

Let £ C R be such that |[E N C,| =1 for all a.
Note if q1,¢2 € Q with|q; # ¢2 then@/—&-ﬂﬁ(p—i-E 0.

(o A i)
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(2)
(3)
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=) A(E) = 0
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QED.



(©) AE) =0 (contradicion).
Bonen, Bo= E0C=D 2o =ha ME)
W — po

Cw )(EMQ D Ym (>>(§ =D >&?D>

U lowr [y g - ot{f(ﬁwﬁ} e ] .
9, &

Pl e & n(prE)-dw) vy
= A= M) = 0 4

D



Theorem 5.14. |Let A C R%| Every subset of A is Lebesque measurable if and only if
- e
Proof. One direction is immediate. The other direction is accessible with what we know so far, but we won’t do the proof in the

interest of time. O
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5.4.RCompletion of measures.

Theorem5.15.f4/i_\£(_~)f nd only if there exist F,G € B(R?) such that F C A C G and \(G — F) = 0.
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C,QM}G Let N = {A CR?| \*(A) = 0}. Then A € L(RY) if and only if A= BUN for some B € B(R?) and N € N.

Definition 5.17. Let @) be a measure space. We define the completion of X Wlth respect to the My
— —{ACX|EIFGeEsuchthatFCACGand,u(G F) —0}

For every A e, ¥, find F, G as above and define ji(A) = _‘/\&@7 (_LOU ]L\ hre OQ%,VWL>
Definition 5.18. Let N {ACX[IEEeX, E2A pE)= p(E) = 0}. We say (X, %, p) is complete 1fN —De%
Theorem 5.19. E is a o-algebra, u is a measure on %, and M is complete. \//
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Corollary 5.16. Let N' = {A C R% | \*(A) = 0}. Then A € L(R?) if and only if A= BUN for some B € B(R?) and N € N.
Definition 5.17. Let (X, ¥, u) be a measure space. We define the completion of ¥ with respect to the measure u by
;}d:ef{AgXHF,Gez such that £ C A C G and u(G — F) = 0}
= A
For every A € ¥, find F, G as above and define M
Definition 5.18. LetPJy{: {ACX|3EeX, EDA, pn(E)=0} Wesay (X,%,p) is complete if N C X.

=

Theorem 5.19. X, is a o-algebra, [i is a measure on ¥, and (X, X, i) is complete.
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Theorem 5.20. X, is the smallest p-complete o-algebra containing 3.
vest [r-cor
torollary 5.21. ¥, =0(SUN). —
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Remark 5.23. There
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6. easurable nctions

Definition 6.1. Let (X, ¥, 1) be a measurable space, and (Y, 7) a topological space. We say f: X — Y is measurable if f~1(7) C 3.
R k 6.2. Y is typically [— R4 li . < |
emari is typically [—o0, 00|, R?, or some linear space W < % m/>é¢

Remark 6.3. Any continuous function is Borel measurable, but not conversely

Question 6.4. Say f: X — Y is measurable. For every B € B(Y), must f~}(B) € ¥?
I
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Theorem 6.5. Say f: X — Y is measurable. Then, for every B € B(Y'), we must have f~YB)ex.
ey D LV
Lemma 6.6. Let f: X — Y be arbitrary. Then Z—WWM}' o-algebra (on).
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Corollary 6.7. Let f: X — [—00,00|. Then f is measurable if and only if for all a € R, we have|{f < a} € X.
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uestion 6.9. Is the above true if g was Lebesque measurable?
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SUCEANC)
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Cemma 6.8. If f: X — R™ is measurable, and g: R™ — R"™ 4s Borel, then go f: X — R" is measura
Q

ble.



W. Say f: X =Y is measurable. Then, for every B € B( ), we must have f~1(B) € ¥.
\W
Lemma 6.6. Let f: X — Y be arbitrary, and ¥ be a o-algebra on X. Then Z ={ACY|f Y4 Z} o-algebra (on'Y ).
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Corollary 6.7. Let f: X — [—00,00|. Then f is measurable if and only if for all a € R, we have {f < a} € X.
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Lemma 6.8. If f: X — R™ is measurable, and g: R™ — R™ is Borel, ther@o f: X = R™ is measurable.
—
Question 6.9. Is the above true if g was Lebesque measurable? (‘1[:@[% ﬁOU o %> / Won g
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Theorem 6.10. Let X >R be sequence e of measurable functions. Then sup f,, inf f,,, imsup f,,, im'inf f,, and lim f,, (if it
exists) are all measu C
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Theorem 6.11. Ltfg X — R. The functio (f g): X — R? is measurable if and only fbth,f dg e measurable.
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Corollary 6.12. If f,g: X — R are measurable, then so is f + g, fg and f/g (when defined).
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(Dowile clm paen

Definition 6.13 (Cantor function). Let C be the Cantor set, and

f@) = Ho(C N[0, 2])/ Ha(C).
=

= log2/log3\be the Hausdorff dimension of C. Let

= - -
=0, f(1) =1 and f is increasing,.
i (In fact f is Holder continuous with exponent o = log 2

. That is, g@ =inf{y | f(y) =} (Note, since f is continuous f(g(z)) = x)) - %QG(} — 7<

Proposition 6.14. The function g: [0,1} —/C s a strictly injective Borel measurable function.

s

= | *

—_—

n fact, f is differentiable exactl C? and f’ = 0 wherever defined
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Deﬁnltlon 6.13 Cant__g; functlon) Let C be the Cantor set, and o = log2/log3 be the Hausdorff dimension of C. Let

— Ha(C N [0.])/Ho(C

( ) f 0)=0, f &)/_Alind f is increasing. (In fact, f is differentiable exactly on C’ and f’ = 0 wherever defined.)
f is continuous everywhere. (In fact f is Holder continuous with exponent « = log2/log3.)
(3) Let g = £ That is, g(z) = inf{y | f(y) = =} <NWW

o
Proposition 6.14. The function g: [0,1] — C is a strictly injective Borel measurable function.
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Theorem 6.15. L(R) 2 B(R).
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Theorem 6.16. There exists h1,ha: R — R such that hy is L(R)-measura ble, hy is B(R) measurable, but(hy o ha s not L(R)

measurable. -

Remark 6.17. NOte@ih has to beog(R)-measurable. E Q K ) ) 1L J\C
% 16+

?@ Ae o] 9A§Z£w§ ‘iE =

JW e LUR)
AI} L/\l = \(L CL\( 8 i'/wwﬂ%>
N B T §
boh =g ;s Be) ] L () wang

Nd( KOL\;{ 0 - | WA t,/_/\(//
8 %mﬁ i@ ¢ I\ BED.



, —4. €,
Definition 6.18. Let (X, 244) be a measure space. We say a property P holds

mﬁ there exists a null set N such
that P holds on N¢.

>E':mmple 6.19. If f, g are two functions, we say f g almost everywhere if { f # g} is a null set.
Example 6.20. Almost every real number is irrational. < t Oy ?g>

AAN h))
Ezample 6.21) If A € L(R), then }Lin%) (4 (g;’ s =1 A( ) for almost every x. (Contrast with HW3, Q3b)
—

Ezample 6.22. Let x € (0,1), and p, /¢, be the n'" convergent in the continued fraction expansion of z. Then lim

A= o, 1
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Proposition 6.23. If f = g almost everywhere and f s measurable, then

—
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Proposition 6.24. If(f)—)f lm st e and e h@ rable, then
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Definition 6.25. A function s: X — R is called simple if s S measura able, and has finite range s(B) =
Question 6.26. Why bother with simple functions? X
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Theorem 6.27. If f > 0 is a measurable function, then there exists a sequence of szmgle éunctwns Sn) whzcho f-
~——

Corollary 6.28.Jf f: X — R is measurable, then there exists a sequence of simple functions (s,) such that (s,) — f pointwise
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Theorem 6.29 (Lusin). Let L be a finite regular measure on a metric space X. Let f: X — R be measurable. For any e > 0 there
exists a continuous function g: X — R such that <E. =
functon 37 X . puch that 1 #9) <
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Lemma 6.30 (Tietze’s extension theorem). If C' C X is Wﬁu& and f: C — R is continuous, then there exist f: X — R such
that f = f on C. AND & - d»é d@@
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mea6§;~Ltf X — R be measurable. For every e > 0, ther ts C' C X closed such that (X —C) <e and f: C = R is
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Proof of LusiMrevious two lemmas. ——> 2 Q bLf\éﬁl o % , C = E \‘g C\
Proof of Lemma 6.51. s
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7. Integration Cé. = Z 0( ZZL 3

7.1. Construction of the Lebesgue integral. Recall, s: X — R is simple if s is measurable and has finite range.

Definition 7.1. Let s > 0 be a simple function. Let {ai,...,a,} = s(X), and set A; = s~ '(a;). Define [y sdu=>1", aﬁﬁNAl)

Remark 7.2. Always use the convention 0 - co = 0.

Remark 7.3. Other notation: fX sdp = [ s(x) du(z).



Proposition 7.4. If0.< s <t are simple, then fX sdp < Jx tdp. < W}pm k% }/Vw
Proposition 7.5. If s,t > 0 are simple, then [, (s +t)du= [y sdu+ [y tdp.

k&%w c\w\dw\a} “\Mwlm)l) §MMW>



Definition 7.6. Let f: X — [0, 00] be measurable. Define [, fdu =sup{ [y sdu|0 <s < f, s simple.}. Q %2” O>

Definition 7.7. Let f: X — [—00, 00] be measurable. We say f is integrable ifM\oo and fX [~ du < oco. In this case we
define fxfdﬂ:fxf+d“_ffﬁﬁ; QO% W@{(WHM]L> e
Definition 7.8. We let L'(X) = L1(X, %, 1) be the set of all integrable functions on X. (Note f € L! += |f] € Ll.)\\

—_ L
Definition 7.9. We say f is {integrable in the extended sens_e) if either fX fTdu < od or fX f~ dp < oco. In this case we still define
Sy fdn= [ J*du— [y J~ dn. " "
Remark 7.10. If both [y f*du = o0 and [ f~ du = oo, then [, fdu is not defined.
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M
Proposition 7.12 (Consistency). If s = Y ) a;la, > 0 is simple, then Y- a;u(A;) = sup{ [ tdu |0 <t < s, simple}.

— — =

I Z = = Sk JD
[ORE > §£ N ggs%[\ = 3% = %ﬁ“g

X ¥ X M{LV



Theorem 7.13 (Monotone convergence). Say (f) — f almost everywher 0 f <f , then ([ fodp) = [ fdp.
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Theo
rem 7.14. If f,g are integrable, then [ (f +g)dp = [y fdu+ [ gdu
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7.2. Dominated convergence. When does lim |  fandp # J + [ du? Two typical situations where it fails:
Ma,ss . nest6 . . \/\/\/"/ L/\,_\/




Theorem 7.15 (Dominat nvergence). Say (f,) is a sequence of measurable functions, such thati&liﬁalmost everywhere.
K\loreover, there ezists F € L'(X)|such that | f,| < F almost everywhere. Then lim, o0 [y fndp = [y fdpu.

£




( ﬁd} (0 ¢)
Lemma 7.16 (Fatou). Suppose fn, >0, and (f,) — f. Then liminf [ f, du > [ fdp.
—————— ppanm—
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Theorem 7.17 (Wi). If fr 20, then Y7° [ fadp = [ (37 fr) dpe.
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Theorem 7.18. If f: R? — R is Riemann integrable, then the Mis the same as the Lebesque integral.
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Question 7.19. Let f: [0,00) — R be measurable, and define th

e@o]‘f by F(s) = [;" e st f(t)dt. Is F continuous?
s ifferentiable? ~\ = — =
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Question 7.20. Let ¢ be a bump function, and (g,) be an enumeration of the rationals. Define
finite almost everywhere! =

W=0
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7.3. Push forward measures
Definition 7.21. Say f: X R? ig integrable, then define [ fdu = ([y frdu,..., [y fadp, where f = (f1,..., fa).

Theorem 7.22. Let (X,%, 1) be a ce, f: X S Y be arbitrary. Define T = {A C Y | f71(A) € X}, and define
v(A) = p(f~1(A)). \Then v is a measure on (Y, 7)) and [, gdv = [ go f R e

Remark 7.23. The measure v is called the @Mof w and denoted by f*(u), or@ This is used often to define Laws of

random variables. (We will use it to prove the.change of variable formula.) =
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8. Convergence

8.1. Modes of convergen

@eﬁnition 8.1. Wesay (fn) — f l‘w if for almost every x € X, we have (f,(z)) = f(z).

efinition 8.2. We say (f,) — f in measure (notation (f,) 2 f) if for all € > 0, we have (u{|f. — f| > ¢}) —
—= _ b - e
—Definition 8.3. Let p € [1,00).|We say (f,) — f in LP if ([[fn — f|P du) — 0.
Question 8.4. Wh )

p> 1?2 How about p = co?
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(fn) — f almost everywhere implies (f,,) — f in measure if u(X) < .

(fn) = f in measure implies (f,) — f almost everywhere along a subsequence.

(fn) — f in LP implies (f,) — f in measure (for p < oo), and hence (f,) — f along a subsequence.
Convergence almost everywhere or in measure don’t imply convergence in LP.

(1)
(2)
(3)
(4)







then (fn) — f in measure.

Theorem 8.5. If (f,) — f almost everywhere and kIA(X) < 00,
Lemma 8.6 (Egorov). If (f,) — f almost everywhe

e hy Ly ¢
Question 8.7. Does this imply (f,) — f uniformly almost everywhere? CN D % G(> . %4’\ [D ]] >

?liE?m:x%lqéﬂ\\)mQ pi{é- \‘EQ’LX’WU@L
g JM ¢ 0 e (wﬁw/ = -
| /\A/\ S Qﬂow L/\L\“KQ /YOQ

thz
> SR VAKWM > f&X)—Z
k/A}/\/
le_

e and|p( )?r< 00, for every > 0 there exists A such that (f ) — f uniformly







Theorem 8.5. If (f,.) — f almost everywhere andk(X) < oo,\then (fn) — f in measure.

~Lemma 8.6 (Egorov). If (fn) = [ almost everywhere and|u(X) < oo, |for every e > 0 there exists Ac such that p(Ag) < e and

(fn) = f uniformly on A.. —
—— R

Question 8.7. Does this imply (f,) — f uniformly almost everywhere? @) () “J;—aé
> E?/W > Ak e \]6 Ye> 0
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Proof of Theorem 8.5




Proposition 8.8. If (f,) — f in measure then (f,) need not converge to f almost everywhere.
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Proposition 8.9. If (f,) — f in measure, then there exists a subsequence (fy,,) such that (fn,) — f almost everywhere.
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8.2. LP spaces.

Definition 8.10. A |Banac is a normed vector space that is complete under the ‘metric inds induced by the norm.
Ezample 8.11. Q,Ed, C’;(,{)’ etc. are al%ces. CQQ Ai% X_> E (.;\% é, )< %
/p

Definition 8.12. For E(\O},}g)‘, define || f||, = / [fIP d,u . \%b)
Definition 8.13. For p = oo, define Hf||OO = ess sup|f| inf{C > 0| \f| <C almost &,nypeslyw
Definition 8.14. Let (X, X, 1) be a measure space and assume ¥ is u-complete. DeﬁnejZE_L ={f: X > RI[[|f]lp < oo}.
Question 8.15. Is £P(X) a Banach space? -
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Definition 8.16. Define ?ﬁ)e('?uivalence relation on LP by f ~ g if f = g almost everyvv

Definition 8.17. Define AX(X) = LP(X)/ ~. O() 0% (%)/‘\/

Remark 8.18. We will always treat elements of LP as functions, imphc1t1y?71t1fymg a function with its equivalence class|under

tﬁe relajuioil ~. Inlor.der tNo be logically correct, however, we need to ensure that Wmm
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Theorem 8.20 (Holder’s inequality). Say p,q € [1,00] withIf f € LP and g € L9, then fg e L' an
|[x fadul <IIflpllgll - L

. S el gllq- \
Remark 8.21. The relation between p and g can be motivated by dimension counti LN &)(
Wb; 0.
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Definition 8.16. Define an equivalence relation on L? b@ if f = g almost everywhere.
Definition 8.17. Define £P(X) = LP(X)/ ~.

Remark 8.18. We will always treat elements of LP(X) as functions, implicitly identifying a function with its equivalence class under
the relation ~. In order to be logically correct, however, we need to ensure that every operation we perform on functions respects
the equivalence relation ~.

|
Theorem 8.19. Forp € [1,00|, LP(X) 4s a Banach spact. Mﬁ“ = 8 ‘ %\Sﬁ jf
X




Theorem 8.20 (Hélder’s inequality). Say p,q € [1,00] with 1/p+1/q = 1. If f € LP and g € L4, then fg € L' and
dp < |1 £15lg] S T — —
fx Fadul <1 flbllgllq-

Remark 8.21. The relation between p and ¢ can be |motivated by dim coun .
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Proof of Theorem 8.20 using|Young’s inequality.
Theorem 8.22 (Young’s inequality). If z,y > 0,|1/p+1/q = 1then zy < 2 /p +y?/q.
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Lemma 8.23 (Duality).| If p € [1,00), 1/p+1/q =1, then || f|, = sup —/ fgdu= sup / fgd,u@
= =0t 2 geri—ollglle SJx = jgl=1dx
s =
Remark 8.24. For |p = oo this is still true if X is o-finite.
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Theorem 8.25 (Minkowski’s inequality). If f,:ge LP, then fﬂe LP and ||f +gll, < ||M
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Lemma 8.23 (Duality). Ifp € [1,00), 1/p+1/q =1, then ||f|l, = / fgdu = sup / fogdu=1
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Theorem 8.25 (Minkowski’s inequality). If f,g € L?, then f+ g € L? and || f + gll, < || fllp + llgllp-
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Theorem 8.26 (Jensen’s inequality). If& (X)= 1& f€ Ll(X), a < f < balmost everywhere, and kX (a,b) > R isiconvew,}then
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Proof of Theorem 8.19: Only(%:\fams to show LP is complete.

Lemma 8.27. Supposep < 00, fn € LP and Y || follp < co. Let f = an Then f € LP, and > fr, — f in L? and Y fr, — f
almost everywhere. —_— — = — ——
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Proposition 8.28. Ifp € [1,00), (fn) — f in L, then (f,) — f in measure

Lemma 8.29 (Chebychev’s inequality). For any A > 0, we have M}) < ;HIH
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Proof of Proposition 8.28
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8.3. Uniform integrability.

Question 8.30. When does(convergence n measur}a imply@

Definition 8.31. We say {fda € A} is uniformly integrabl? if for all € > 0 there exists § > 0 such that whenevdr u(E) < § we
have [, |f|dp < e. - -

}M If}|fa| < F for alliﬁﬁ, andf‘ecLl, then {fo | @ € A} is uniformly integrable. @A\AM = 01
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Theorem 8.33 (Vitali). >Let (fn) € Ll(Xé. The sequence (f,) is convergent in L] if and only if

A1) (f.) converges in measure,

2) (fn) is uniformly integrable,
(3) tlghtness) here exists F € ¥ with\u(F) < oo\ such that [,..|fn|dp < e for all n.
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Theorem 8.33 (Vitali). Let (f,) € L'(X). The sequence (f,) is convergent in L' if and only if
Mmoo T
(fn) converges in measure,—
fn) is uniformly integrable, —
;htness ) there exists F € & wzth\u(F) < 0o such that [,..|fn|dp < e for all n.

Proof:
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heorem 8.34.)If }\lim sup/ |fnldu =0, then (f,) is uniformly integrable. /"%7‘/ @WW
—00 nJq

Theorem 8.35. If there exists an increasing function ¢: [0,00) — [0,00) such thaf lim elz)

r—oo I

oo, and sup [ (1) du < o,
X —
then (fn) is uniformly integrable.

Remark 8.36. The hypothesis in both the above theorems are equivalent.
Remark 8.37. If additionally|sup,, [ XLfn| dp < 00,/then the converse of both the above theorems are true.
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Corollary 8.38. If M measure, |j1(X) < ool and M for any{ﬁ_ld,, then (fn) — f in_L2 for every q € [1,p).

&w)e C\W)L %M

\/QYLA‘}\ !

(ad
¢ ({> —
£i¢

0 - A
kwgﬁ X

% |
y « vz (B2 %@

b >J>
W) %ﬂ ! p D) VI 20D



9./ Signed Measures \M d&f} P /i
9.1 "Hanh and Jordan Decomposition Theorems. C)( ) Z > j/%

Definition 9.1. We say 1u: 3 — [—o0, od] is a signed if: J
ernnition € say& = OO o0 1S a signea measure 1 M_,QC/W,' ’j t/\{A”) %fi j W{/és/[/\L

(1) The range of y doesn’t contain both +o0o and —ooc. %7
y@) p(®) =0 W
(3) If A; € ¥ are countably many pairwise disjoint sets then ﬁ(}_{l,.,.ﬂ ) ;.14_(—“& &

Example@.Let f € LY(X, ), and define v by@: fA fdup. Then v is a signed measure, and we writé du jfd,u
Example(9.3./If 1, v are two (w) measures such thamgthen g—/l/ls fiwite. (A 4/) AMAC Il
Theorem 9.4 (Jordan Decomposition). Any signed measure can be written@as the difference of two Smufua%%y smgu%aﬁ

positive measures.
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Definition 9.5. We say A € ¥ is a(negative setSif w(B) < 0 for all measurable sets B C A.
- —
nd)u(B) < u(4).

P@Opo@ixi()n 9.6. If 1(A) € (—00,00) then there exists B C A such that B is negative a
—_— =
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9. Signed Measures

9.1. Hanh and Jordan Decomposition Theorex

Definition 9.1. We say p: ¥ — [—o00, 00| is & signed measure if:

(1) The range of u doesn’t contain both +

(2) u(@) =0
(3) If A; € ¥ are countably many pairwise disjoint sets then p(USA;) = >°7% u(4;).

—_—

Ezample 9.2. Let f € LY(X, ), and define v by v(4) = fA fdu. Then v is a signed measure, and we write dv = f du.

Ezample 9.3. If pu, v are two (positive) measures such that either one is finite, then y — v is finite.
Theorem 9.4' (Jordan Decomposition). Any signed measure can be written/ (uniquely)) as the difference of two mutually singular

positive measures.




Definition 9.5. We say A € ¥ is a negative set if u(B) < 0 for all measurable sets B C A.
MBI S Y

Prgposition 9.6. If j(A) € (—o00,00) then there exists B C A such that B is negative and pu(B) < p(A).
— —_— - = —
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Theorem 9.7 (Hanh decomposition). If p is a signed measure on X, then X = PUN where[ P is positive ndﬁis{nqg@@

Remark 9.8. The decomposition is unique up to null sets.
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Definition 9.9. We say two positive measures i, v are mutually singular if there exists C' C X such that for every A € ¥ we have

wWANC)=v(ANCe) = m -
Proof of Theorern@ /VL—' A
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Definition 9.10. Let p be a signed measure with Jordan decomposition@ Define the @te be the (positive)

measure |u| d:“ﬁ"r +u.
Definition 9.11. Define the total variation o@oy lpll = u|(X). & E@/ Ooj
Proposition 9.12. Le@ be the set of all finite signed measures on X. Then M is a Banach space under the total variation norm.
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9.2. Absolute Continuity. P W \M
Definition 9.13. Let pu, v be two, measures. We say/v s Ws with respect toﬂ; notation v < p) if whenever

p(A) =0 we havei/}f:l; A
Ezample 9.14. Let g > 0 and define v(A4) = ngdu. (Notation: Say dv :Q,dﬁ) ///\S;E VL?/ = Q ‘LS A’f’\

A7
Theorem 9.15®0n—Nikod m l If p,v are twoSa-ﬁniteSpositz’ve measures with v < p, then the measurable function g
such that 0 < g < oo almost everywhere and dv = gdu. -
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9.2. Absolute Continuity.

Definition 9.13. Let p, v be two measures. We say v is absolutely continuous with respect to p (notation v < ) if whenever
— —

1(A) = 0 we have v(A) = 0. =
Ezample 9.14. Let g > 0 and define v(A) = fA gdp. (Notation: Say dv = gdgf.[)/ J

) Wil
Theorem 9.15 (Radon-Nikodym). If u, v are two positive measures such tha@is o-finite and v < i, then there exists a T/?easumble
function g such that 0 < g < oo almost ‘everywhere and dv = gdpu. - I
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Theorem 9.16. Let u,v be positive measures such that v is o-finite. There exists a unique pair of measures (Vqc, Vs) such that
Vae K , Vs L, and v =rv4 +
ac > T8
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Theorem 9.16. Let p, v be positive measures such that M‘ﬁﬁi}e' There ezists a unique pair of measures (Vqc,Vs) such that

Vae < i va L, and v = voe + s, oxi
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Corollary 9.17. Let u be a positive measure, and v be a finite )signed measure. |[There exists a unique pair of signed measures
(Vae, Vs) such that vee < p, vs L p and v = Vac + V.
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Corollary gﬁ/éf>Let w,v be o-finite positive measures. There exists a unique positive measure vs and nonnegative measurable
function g such that p L v, and dv = dv, + gdp. -
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9.3. Dual of LP”.
ual o /

Proposition 9.19. Let U,V be Banach spaces, and T: U —V b\@ Then T is continuous if and only if there exists c < oo
such that ||Tu||V < c||u|rfr alueU,veV.
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Definition 9.20. We say T: U — V is a
[ Tully < ellul|ly for allu e U, ve V. — K

YTV Ny 0"«@
Definition 9.21. The dual of U is defined by U* = {u* [u*: U = R is

@_u’n@g?and linear.} Define a norm on U* by
\

1
u o & sup u*(u) = sup %u = sup u*(u
e uetU—o ||ullu ) lullo=1 | : ullo=1 | EQL
— —

Proposition 9.22. The dual of a Banach space is a Banach space.

AV) - T T =V 7 B b

W%H if T is lin and ther ex1sts ¢ < oo such that



Propositio 923[E)t1/p+1/q 1g L1(X). Define T LP R by Tof = [y fgdu. Then T, € (LP)*. \/

- =

Proposition 9.24. The map g T, is a bounded lin mpf mL%@(\‘T %CSC%\*?ﬁDE
'PL,, ()/ ) : CAL *J > LT % . (T%/%L @Jrg = /lj'*l@ *Tl\ug
%j j j \ j T ‘
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Theorem 9.25. Let (X,X, u) be a a-finite measure space, p € [1,00), 1/p+1/q=1. The map g — T, is
between L and (LP)*. - o

@ bijective ljnear isometry

Remark 9.27. For p = oo, the map g — Ty gives an injective linear isometry of L' — (L*)*). It is not surjective in most cases.

Remark 9.26. For p € (1,00) the above is still true even if X is not o-finite.
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Theorem 9.25. Let (X,3, 1) be aia-ﬁm’te measure space,?p € [1,00),1/p+1/q=1. The map g — T, is a pijective linear\isometry
between L7 and (LP)*. o : ; —

Remark 9.26. For p € (1,00) the above is still true even if X is not o-finite.
Remark 9.27.

%;jeﬂ | 66@77 @‘L i%ﬁ%ﬂ.

For p = oof the map g — T, gives an injective linear isometry of L' — (L*)*). Tt is not surjective in most cases.
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9.4. Riesz Representation Theorem.

Theorem 9.28 (Riesz Representation Theorem). Let X be a compact metric space, and M be the set of all finite signed measures
on X. Define A: M —|C(X)* by Au(f) = [y fdu for all p € M and f € C(X). Then A is a bijective linear isometry.

Remark 9.29. In particular, for every I € C(X)*, there exists a unique finite regular Borel measure p such that I(f) = [ fdu for
every f € C(X). = = =
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10. Product measures /*6@“&7 Lt/

Let (X, %, p) and (Y, 7,v) be two measure spaces. Define ¥ x 7 = {A x B|Aex, iand T@T=0(XxT1).
by

Theorem 10.1. Let p,v be twoWs There exists a unique measure ®@ 7 Jsuch that (A x B) = u(A)v(B) for
every Ae ¥, Bez ‘

Theorem 10.2 (Tonell}). Let f: X x Y —|[0,0]|be & ® T-measurable. For every xg € X, yo € Y the functions x — f(x,yo) and
y — f(xo,y) are measurable. Moreover,

(10.1) [ sewisen=[ ([ sepww)ae=[ ([ seie)ao.

= _
Theorem 10.3 (Fubini). If f E/Ll()(\XY, ) then for almost every xo € X, yo € Y, the functions v — f(x,y0) and y — f(zo,y)
are integrable in x and y respectively. Moreover,(10.1) holds.



10. Product measures {E&W{@ % Y- Jfk :

Let (X, %, u) and (Y, 7,v) be two measure spaces. Define ¥ ><T:{A><B|AEZ Berhand X ®@7=0(X x7).

Theorem 10.1. Let ji,v be two@measur&s There exists a}um ue fmeasure T on X @ 7 such that (A x B) = u(A)v(B) for
every Ae X, Ber. T

JUS—

Theorem 10.2 (Tonelli). Let f: X xY — [0,00] be ¥ ® T-measurable. For very) o € X, yo €Y the functions x — f(z, yo) and
P JAT Yo)

y — f(x0,y) are measurable. Moreover,
y = J (o) — Fodo| Indeapls —3

10.1 f,y) dn(z,y) Pl w) dvly)) du) / . / F(a.y) dp(z) ) dvy).

X XY xEX( yey -~

Theorem 10.3 Fubun then for almost everylryg € X, yo € Y, the functions T = flz y ) and y — f(zo,y)
are integrable in x and y res ectwely Moreover (10.1) holds.
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Lemmi 10.4. For every EC X xY, x € X, y €Y define the horizontal and vertical slices of E by H, ( )={z e X|(z,y) € B}
and V, {y€Y|$y € E}. —
(1) For eve everyx € X, y €Y we have H y(B) € X and V,(E) €
(2) The functions z — v(Vo(E)) and y — u(Hy(E)) are measumble, \/(@3
W o —

S A :
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Proof of Theorem 10.1
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Theorem 10.5 (Layer Cake). If f: X — [0,00] s measurable then
— ——
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Proposition 10.6. If (an, ) are such that i |@m n| < 00, then i i U = i i A -

myn=0 —— m=0n=0 n=0m=0
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Theorem 10.7 (MWIW If f: X XY — R is measurable, then %C i{
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10.2. Convolutions

Definition 10.8. If f,g € L' (R) define the ﬂnbyf*g(x)=éd_f(fc—y)g(y)dy=/Rdf(y)g(x—y)dy-

= Pt = =

Remark 10.9. If f, g € L*(R?), then| f * )<oo almost everywhere.
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Theorem 10.10 (Young). If|} +§ =1+ 3} f € L(R), g € LY(RY) then f x g € L'(R), and £ gllur </ orllgle.
Toung g € LU(R £ #gl.
Remark 10.11. One can show |[f + g || f llpllgllq for some constant Cp, 4 < 1. The optimal constant can be found by choosing
f,g to be Gaussian’s. %/ 0(
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Definition 10.12. |(¢,,) is an approzimate identity|if: (1) ¢ > >0, (2)

¢vn = 1,Jand (3) Ve > 0, lim on(y)dy = 0.
e on = s —= 1200 [y sy T

Example 10.13. Let p > > 0 be any function with fRd p =1, and set cps (). QA 7. ra 7 W
Ezample 10.14. Gy(x) = (2mf) ~4/2 exp( ’mf/ ’
— e Yz o{




Proposition 10.15. Ifp € [1,00), f € L, and (¢n) is an approzimate identity, then o, x f — f, in LP.

-
Remark 10.16. For p = co the above is still true at points where f is continuous.



Definition 10.12. (¢y,) is an approzimate identity if: (1) ¢n >0, (2) [pa n =1, and (3) Ve > 0, lim

—_— P ———

Ezample 10.13. Let ¢ > 0 be any function with [, ¢ = 1, and set @Q(L Eidgo(f)

Ezample 10.14. gt—(acv) = (ﬂ_d/z exp(—|z|?/(2t)), for x € R% \
“ K‘S{ s
,— Yo
e %

(¢—0)

n— oo

{ly|>e}
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on(y) dy = 0.
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Proposition 10.15. Ifp € [1,00), f € L?, and (pn) is an approvimate identity, then o, * f — Jg in L

—

Remark 10.16. For p=00 the above is still true at points where f is continuous

Kok U o () wﬂ p,eC = g lel

Wh wols e udae] b -
y =ty QMH 9 l“] 5 §W>

Mimkwéld
Pl =1 — 4l P b 4 [fepen
S

A NOR Y B\MJ@ @ A gy



Db &) 2 b 5 oz, mg\



)
5 (2],
%ﬁ& \Qf\/(&)& I

Y= 1o . &\’ ) s

DD s+

%(l+1ww>

IN

BET)



10.3. Fourier Series. Let X = M with the Lebesgue measure. For n € Z define en( ) = 2™ and given f g € L*(X,C) define
(f, fX fgdX\. This defines an inner product on L*(X), and ||f||L2 = ([, f)- >
Deﬁnltlon 10.17. If fe L L’ ne Z, define the nth Fourier coefficient of f by f( ) = f, en): j f QX Wl

Definition 10.18. For N € N, let Sy f = Z_N f(n)en, be the N-th partial sum of the Fourier Series of f.

Question 10.19. Does SNf — f??what sense?
(R 22 o To g, Qo D b (50,2
{ﬁm ¥ vQ\/)
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- W

1@3 ,



Lemma 10.20. (e, €m) = Onm. XVﬁ{’é C"{’“‘?g/\)} ‘Lﬂﬁz

orollary 10.21. Let p € span{e_n, N} Then (f LSE_ip) 0. Consequently, ||{/SN’]‘L<||f\p||/
il \
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Proposition 10.22. %\Lf = Biv *_]i, where Dy = Sm(2;r(lj(\;;%)x) The functz’onsare called the Dirichlet Kernels.
- _
(
N A N , «
: 2R %Y + 2R X
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- w2 y

L/—:j/\j\d
Dm - 4=

35t e )

) 2t -
25(,2,\) o (3>>ch® Aﬂ

%%%agﬁ4®



_ N
Proposition 10.23. Define the Cesaro sum by oy f = % Zé\, ! Snf. Then onf = Fn * f, where Fy = ( e )

Remark 10.24. The functions Fy are called the Fejér Kernels.

-—
Proposition 10.25. The Fejér kernels are an approximate identity, but the|Dirichlet kernels are not.
—
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Corollary 10.26. Ifp € [1,00) and f € LP, then oxf — f in LP.
—
Corollary 10.27. If f € L? then Sy f — f in L.

PN T ) m LT
fRemark 10.28. If f € L? for p # 2 we need not have Sy f — f in LP.

e el <m0 bhpt?)
@Um% - Q%% ey, - ewi>

“W’\)%V U)( —>D V% QY@]/ %o> =S QD \.



4> - (e am-e
oA ‘
e floe ok el BeUH
-
%%; Q‘ %QN\ \\YN%: Pﬁmw% (ﬁ)_))&:ﬂ% Kol
>V kel \r% N;‘L o e o AT)



Theorem 10.28. If£€ @, f € LP then Snf — [ in g’. C(f> /_f: (>

Proof. The proof requires boundedness of the Hilbert transform and is beyond the scope of this course. O

Theorem 10.29. If f € L™ and is| Holder|continuous at x with any exponent o > 0, then Snf(x) = .

Proof. On homework. O

Remark 10.30. If f is simply continuous at z, then certainly o, f () = f(z), but W ) need not converge to f(z). In fact, for
almWeontlnuous periodic function function, Sy f diverges on a denseiG(; s
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The next few results establish a connection between the regularity (differentiability) of a function and|decay of its Fourier
—_—
coefficients.

Theorem 10.31 |(Riemann Lebesgue)l. Let u be a finite measure and set fi(n) = fol"'e'é:l du. Iz‘ﬁu«&then (ii(n)) = 0 as n — oo.

Theorem 10.32 (Parseval’s equality). If f € L([0,1]) then || f|le = ||f|lz2-
e
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Definition 10.34. We say g is a \)ueak derivative\of f if (f,¢") = —(g,¢) for all p € C;%.([0,1]). ‘G@_W%»
— = 7 —

roposition 10.35. If f € L' has a weak derivative f' € L', then (f')"(n) = 2minf(n).
—= it ~— T R
Corollary 10.36. Ifl_g’Lj has a weak derivative f' € If, then\>-[(1 + |n|)| f(n)[]* <

!
=
Hr—
\_F) ,
>
C—">
A
’%\
W
I =
\
_—"
S
I
~

L—;?%C%/;\(%) _ <£) N /—_L@:? B <4(w €Z\> /xﬂ(’/ heae Mm.

A
= - 2% ™ <j6) €M> = — IRy M J%@L\)

@f@ei = %L, o0
@%éﬁ \*( N%?LO DC C«OB—ﬁO

QED-



Definition 10.37. For s > 0, let My, = {f € L?| ||f||Hs < oo}, where Hf||H = Z(l + \n|)2s|f IER g@uQ_ g%«
Remark 10.38. H? is essentlally the s of L2 functions that also have s “weak derivatives” in L2 ﬂ% o 5>
@@ If§> 5 an@g Cjﬂ([_\}) and the inclusion map is continuous. ’
Remark 10.40. Need s > 3. The theorem is false W;l;n s=1/2.

o]

7—|—n+a H? CC’”O‘

per

Remark 10.41. In d dimensions the above is still true if you assume

Remark 10.42. More generally one can show for o € (04,1),\3
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Definition 10.37. For s > 0, let H;er = {fe L2 ||| fllgs < oo}, where || f|F. = 22(1+ [n])*| f(n)]*. &— ‘H - g«}[ﬂ{@\/

—

Remark 10.38. H® is essentially the space of L? functions that also hav@ weak derivatives” in L2. g b% : Wﬂ-@( ¢

Theorem 10.39 (1D Sobolev Embedding)) If s > 1 and H, per C Gper([0,1]) and the inclusion map is continudus.

emark 10.40. Need s > 1. The theorem is false when s = 1/2. ,/ N L
Remark 10.41. In d dimensions the above is still true if you assume|s > d/2. ea IQ \/v}“ﬂ}

Remark 10.42. More generally one can show for a € (0 1), s —|— n+a, Hy,, C ™. l/V\ Z\Z>
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heorem 10.43 (1D Sobolev embe dd ing). If > — 55, then Hy, C L% and the inclusion map is continuous. @e\ﬁt VL

z_d v

Remark 10.44. The above is true for — ome pe[l oo)but our proof won’t work.
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11. Differentiation
11.1. Lebesgue Differentiation. / \//
Theorem 11.1 (Fundamental theorem of Calculus 1). If i is continuous and F fo t) dt, then F is differentiable and iF "= f.

Theorem 11.2 (Fundamental theorem of Calculus 2). If f is Riemann integrable, and F' = F'= [, then f f Fb @ F(a).

?
Our goal is to generalize these to Lebesgue integrable functions.

1
Theorem 11.3 (Lebesgue Differentiation). If f € L*(RY), then for almost every x € R we have = f(x).
—— - pumn— e |B B(z,e)
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Lemma 11.4 (Vitali Covering Lemma). Let W C UY B(x;,r;). There exists S C {1,..., N} such that:
> (1) {B(zs, ) |i € S} are pairwise disjoint. T
(2) !V C Uiesw) and hence |W| < 3%, ¢ Blay,ry).
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Definition 11.5 (Maximal function). Let 3 be a finite (signed) Borel measure on Rd Define the maximal function of p py
-
ul(B(z, 7))

Mpu(z) = ] Jﬁéé((z A%M

o . ) d
Proposition 11.6. My € I;fo, and El\lu >§| < |-

Corollary 11.7. If f € L*(RY), then [{Mf > a}| < &|f| 1. i C>< _ |
" %C | ff e L' (RY) '{ f>adl < ZYf i ) @ml; gm
L= M%e[ L MML{L'éC aéu
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Proposition 11.8. Iff € L*(RY), then 1m|B |/ x)| dy = 0 almost everywhere.
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Remark 11.9. This immediately implies Theo
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du
Corollary 11.10. Ifu < A\ is a finite signed measure, then the Radon-Nikodym derivative is given by — N hm

Remark 11.11. Wil use this to prove the change of variables formula.

p(B(z,r))
0 |B(z,r)|
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Let’s now deal with the second fundamental theorem of calculus:

Question 11.12. Does f: [0,1] = R diﬁerentiable almost everywhere imply f' € L*?
. U 1 19
Question 11.13. Does f: [0,1] = R differentiable almost everywhere, and f' € L' imply f f (/\)q - [ﬁMIL}Né >

R,
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Definition 11.14. We say f: R — R is absolutely continuous if for every € > 0 there exists 4 > 0 such that Zf,\xl -yl <d =
N e
2ou f(a) = flyi)l <e

Remark 11.15. Any absolutely continuous function is continuous, but not conversely.



11.2. Fundamental theorem of calculus.
1damental theorem of cal

Question 11.12. Does f' [0,1] — R differentiable almost everywhere imply f' € L'? ND
AT L=
Question 11.13. Does f: [0,1] — R differentiable almost everywhere, and f' € L* imply f(z fo f'e <V\>?7) KM[N%\A
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Definition 11.14. We say f: R — R is ahsolutely continuous if for every £ > 0 there exists § 0> 0 such that Zl |z —yil <6 =
Zl |f(zi) — (yz)| <e&.

Remark 11.15. Any absWous function is continuous, but not conversely.
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Theorem 11.16. Let f: [a,b] — R be measurable. Then f is absolutely continuous if and only if f is differentiable almost
everywhere, f' € L', and f(z) — f(a) = [T f a}}k@everywhere. T -
— A I T e L

Proof of the reverse implication of Theorem 11.16 ‘
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Lemma 11.17. If f is absolutely continuous, \fnono one an
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injective| then f is differentiable almost everywhere, f' € L' and
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Lemma 11.18. If f is absolutely continuous and monotone,|then f is differentiable almost everywhere, f' € L* and f(z) — f(a) =
f f' almost everywhere

é'ﬂ N,[, R %;g e
o 40 = %CXH " g/w/j g i C/WA w < nec

y R
> g ly

%i i 0% vo b l/ = 3/“‘\ = gD



"
Eemma 11.19. If f is absolutely continuous then there exist g, h mWsuch that f =g — h.
g___\/ = ¢ [E—

Proof of the forward implication of Theorem 11.16. Follows immediately from the previous lemmas. O
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11.3. Change of variables.

Theorem 11.20. Let U,V C R? be open and o: U =V be C! and bijective. If f € L*(V), then/ fdx :/ fopldet V| dA.
= : : - Lo A U —

—

Theé main idea behind the proof is as follows: Let ‘,u(A) = AMp(A)) '@J
emma 11.21. p is a Borel measure and fU ffri‘édi fv fdX. é’“ ,%V\,\Q 4 L %@
v_\/

mma 11.22. p <\ ”W5>

Aa 11.23. D,L@z \det Vgﬁq\whem D,u = lim M H i“%

=0 [B(x,7)]

Proof of Theorem 11.20. Follows immediately from the above Leémmas.
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12. Fourier Transform

12.1. Definition and Basic Properties.

(1) Recall if f € L2 ([0,1]), we set e, (z) = e*™"*("a,) = fol,f(a:)e_%i"x dx and got f =} aney in L2,
(2) Suppose now f € L2, ([-L/2, L/2]). Can we rescale and send L — 0o? -
X>[ﬁé/ é? 50 R Cler
27 n) = \ g\eﬁz;%i
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4&3
Definition 12.1. If f € L}(R9), ¢ € R?, define the Fourier transform of f (denoted by f) by f(ﬁ) = / ff(@}p_%i@’@ dx

Remark 12.2. More generally, if 4 is a finite (signed) Borel measure, then can define /i(§) = / e 2mHmE) ().

Analogous to Fourier series, we will show that f is defined even for f € L2, and prove| f (x) =

o> = PR L= 1% }

| S8 de.



Lemma 12.3 (Linearity). If f,g € L', o € R then (f + ag)" = f+ag.
emma 12.4 (Translations). Let 7;}_‘_5_(96) = f(z —y). Then (Tyf)A(g)A: 6_2”@@&.
Lemma 12.5 (Dilations). Let 6xf(z) = 37 f(%). Then (5,\f)A(§) zf()é)
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Lemma 12.6. If f.g € L', then (f x g)" = fi.
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Lemma 12.7. If (1 + [z])f(z) € L' (R?) then 0;£(§) = (=2miz; f ()" (€)-
Lemma 12.8. If f € C}, 8feL then (9; £)(€) = 2mi&; f(€).
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Theorem 12.9 (Riemann-Lebesgue Lemma). Ifii\Ll, then f € Co and £l < IIf Izt
L o =

n
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Theorem 12.9 (Riemann-Lebesgue Lemma). [ff € L', then f @a nd ||f|| ||f|| _—
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12.2. Fourier Inversion. g{ >

Theorem 12.10 (Inversion). If f, f € L', then f(x) :/ ﬂﬁ)e“”(“ﬁ’g> dg. C{L Re. X € Q
_ S0 — — Rd \

Direct proof attempt:
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Lemma 12.11. If G(x) = (27r)*d/26*|‘”‘2/2, then G(€) = e=127€1%/2  gnd hence)é‘ -G,
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Lemma 12.12. If f,g € L' then [p. f§ = [z fg.
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Lemma 12.13. If f € C(R?) N LY(R?) and f ﬂd), then f(z) = / F(€)et?m i@ g
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Proof of Theorem 12.10. Oufﬂ et <LéL( ) /E(i L, 4('9 q @) 62"4%
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emark 12.14. If f, f € L*, then || f — @ * fllze < ||f — (@e % f)*|12 — 0
emark 12.15. If f, f € L' then f(ac) = f(—x).







12.3. L>-theory.
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Theorem 12.16 (Plancherel). The Fourier transform extends to a bijective linear isometry on L%(R%; C).
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Definition 12.17. Define the Schwartz space, S, to be the set of all smooth functions such that sup, (1 + |z|™)| D f(x)| < co for
all n € N and multi-indexes o. ~——————

Remark 12.18. Note C°(R%) C S, and so S is a dense subset of LP(R?) for all p € [1, 00).
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Lemma 12.19. If f,g € S, then [y, fgdac = fRdfédg, (L{ ﬁ C/ >

( e < i s éé
jj)ﬂ>f(ﬁ£) @> lb ) ﬂ > ®> ‘)MS
“%: @ E(ZB _ gﬂ(ﬂ @,Qﬁ} 0)23,&X B gg@g eirz/xéx) 1> I
A\




A - i
@ v Jwﬁ €:> o <l@3> - <E>/\>‘

O H - vles (sel vlw)
®X(}\%QZ) ?'JQ JM@C ” q)fm> —Lgﬁ(DJWL %izkw\%“

(e

2 N 2 /\2 QNWWL
W‘l ‘(m “ % w05 | Wﬂ w L0OS 2

n ’ L/m »Qx?ﬁ"% 3

@<H) %5> - <1“U/S/m> Qk"’\)?)m 643

aeD









Definition 12.20. Let s > 0 and define the Sobolev space of index_s by

N /
HS:{fIEIPﬂd)l”fHHS <oo}, where ||Lfksz(/ﬂgd(l+‘€|2)s|ﬁ£_)\l2d§)l 2.

Remark 12.21. A function f € H! if and only if f and all first order weak derivatives are in L2.

Remark 12.22. For s < 0, one needs to define H® as the completion of § under the H® norm.



Th|22

Proposition 12.23. Let s € (0,1). Then f € H?® if and only if 3

< oo for all v € RY.

emark\12.24. For s = 1, we instead need sup;,~q +||f — o fl| 2 < 0.

emark 12.25. If s € (0, 1], then there exists C = C(s) such that || f — 7,.f| 2 < C|h|*||f||z2 for all f € H*, h € R
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Theorem 12.26 (Sobolev embedding). If s > d/2 then H*(RY) C %Rj/), and the inclusion map is continuous
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Theorem 12.26 (Sobolev embedding). If s > d/2 then H*(R?) C Cy(R?), and the inclusion map is continuous
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Corollary 12.27. Ifs>n

{&ﬂf

@Qaj m= .

L

n+d/2, then H*(R?) C C?(RY) a
Fe= | L

.

2| eled

nd the inclusion map is c

LLML M“Mé WM@JK




Proposition 12.28 (Elliptic regularity). Say f € S(R?), u € H?(R?) is such that lim |z|¢|Vu(z)| =0 and|—Au = f, ther@
— ,k ~— |2]—o00 ’ T ‘

Mﬁ @MB wal M@C‘L b ds oo i%&m;{

<25M> () = 1@ > Y l%\l W) - 1@

4&@ _ L@:\
> <l {












vl G/v\ B
Aggendix é The%imeé%\nal Hausdorff measure in R

Let (X, d) be any metric space, § > 0, a > 0 and H 5 be the outer measure defined by

x . = . OO 7®/2  rdiam(A)\@
as(A) = 1nf{;pa(Ei) diam(E;) < ¢, and A C LlJEj}, where po(A) = f1+9) ( 5 ) .

Remark A.1. The function p, above are chosen so that if A = B(0,7) C R%, then ps(A) = |A|.
Definition A.2. Let H} = lims_,o H.
Proposition A.3 (From homework 2). The outer measure H, restricts to a measure on the Borel o-algebra.

Theorem A.4. If X =R?, and o = d then H, = \ (the Lebesque measure).




Appendix A. The d-dimensional Hausdorff measure in R Q

K
Let (X, d) be any metric space, § > 0, o > 0 and H; 5 be the outer measure defined by \Z
00 00 a/2 i a
H: (A) = inf{Zpa(Ei) diam(E;) < ¢, and A C U Ej} ,  where po(A) = T (dlam(A)) .
RS i S =L r+9) 2
1 1 25— |

Remark A.1. The function p, above are chosen so that if A = B(0,r) C R;d, then pg(A4) = |A].
Definition A.2. Let H} = lims_,o H.

Proposition A.3 (From homework 2). The outer measure H, restricts to a measure on the |Borel o-algebra.

Theorem A.4. If X =R?, and o = d then H, = \ (the Lebesque measure).
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Lemma A.5 (Infinite version of Vitali’s Covering Lemma). Let W C UaecaB(2a,7a), with gupra < 00.| There exists a countable
set T C A such that: - =

(1) {B(zi,r;)|i €L} are pairwise disjoint. CC(W‘@\({>
(2) W C UjezB(w;,5r;) and hence [W| <593 o B(Ti,r;).
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Lemma A.6. Let U C R? be open and § > 0. There exists countably many Z; e U, r; €(0,0) such that B(z;,r;) C U, are pairwise
disjoint, and |U — UB(z;,1;)| = 0. - -

"
L= Uk
\

S U - CQ) By W
v C{wa X;L ef&é)( %ﬁ« & w@ %IL lo




?ki ZM: by ©>0.

Ay ko ) - B, a )W > T (0,6

= D8y | <« qul VMCE{%‘W@

(SIS DG Ml <w . ﬁw
@Qk \AO: u u - \k o Q\)%Cl’k ww [W,\>

'\Al) )

MMRMNM\ - 'U\M\ébé [W

'\x—am

BUN- 00 A U= p () B,m))



N”q J{"””K‘%A&’ CQ %ijﬁrv
T loas QU= U Bln) R oo
L 2

@ \)M‘, > 7 Té(’(] )ﬂr,\> JAQ > Jrohrzﬁze oLs] ba
A
L2 U By, o) > (< 2ol

< (e






Lemma A.7. H; < \.
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Theorem A.8 (IW}I |A] < [B(0,1/2)| diam(A)* = [B(0, diam(A)/2)|.

Remark A.9. Note A need not be contained in a ball of radius diam(A)/2.
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Proposition A.10 (Steiner Symmetrization). Let P C R? be a hyperplane with unit normal n. Let A A€ L(RY).

Sp(A) € L(RY) such that: /?U’Q Sy
1) Sp(A) is symmetric about P (i.e. for any x € P, tGR we havem—ktne% = x—th € 4).
(2) diam(Sp(A)) < diam(A).
(3) [Sp(A) =14~
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