
Appendix A. The d-dimensional Hausdorff measure in Rd

Let (X, d) be any metric space, δ > 0, α � 0 and H∗
α,δ be the outer measure defined by
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Remark A.1. The function ρα above are chosen so that if A = B(0, r) ⊆ Rd, then ρd(A) = |A|.
Definition A.2. Let H∗

α = limδ→0 H∗
α.

Proposition A.3 (From homework 2). The outer measure H∗
α restricts to a measure on the Borel σ-algebra.

Theorem A.4. If X = Rd, and α = d then Hα = λ (the Lebesgue measure).



Lemma A.5 (Infinite version of Vitali’s Covering Lemma). Let W ⊆ ∪α∈AB(xα, rα), with sup rα < ∞. There exists a countable
set I ⊆ A such that:

(1) {B(xi, ri) | i ∈ I} are pairwise disjoint.
(2) W ⊆ ∪i∈IB(xi, 5ri) and hence |W | � 5d

�
i∈S B(xi, ri).



Lemma A.6. Let U ⊆ Rd be open and δ > 0. There exists countably many xi ∈ U , ri ∈ (0, δ) such that B(xi, ri) ⊆ U , are pairwise
disjoint, and |U − ∪B(xi, ri)| = 0.









Lemma A.7. Hd � λ.



Theorem A.8 (Isodiametric inequality). |A| � |B(0, 1/2)| diam(A)d = |B(0, diam(A)/2)|.
Remark A.9. Note A need not be contained in a ball of radius diam(A)/2.



Proof of Theorem A.4.



Proposition A.10 (Steiner Symmetrization). Let P ⊆ Rd be a hyperplane with unit normal n̂. Let A ∈ L(Rd). There exists
SP (A) ∈ L(Rd) such that:

(1) SP (A) is symmetric about P (i.e. for any x ∈ P , t ∈ R, we have x + tn̂ ∈ A ⇐⇒ x − tn̂ ∈ A).
(2) diam(SP (A)) � diam(A).
(3) |SP (A)| = |A|.





Proof of Theorem A.8


