


Definition 12.20. Let s � 0 and define the Sobolev space of index s by

Hs = {f ∈ L2(Rd) | �f�Hs < ∞} , where �f�Hs =
��

Rd

(1 + |ξ|2)s|f̂(ξ)|2 dξ
�1/2

.

Remark 12.21. A function f ∈ H1 if and only if f and all first order weak derivatives are in L2.

Remark 12.22. For s < 0, one needs to define Hs as the completion of S under the Hs norm.



Proposition 12.23. Let s ∈ (0, 1). Then f ∈ Hs if and only if
� ∞

0

��f − τhvf�L2

|h|s
�2 dh

h
< ∞ for all v ∈ Rd.

Remark 12.24. For s = 1, we instead need suph>0
1
h �f − τhvf�L2 < ∞.

Remark 12.25. If s ∈ (0, 1], then there exists C = C(s) such that �f − τhf�L2 � C|h|s�f�L2 for all f ∈ Hs, h ∈ Rd.





A better way to do this (courtsey
Ethan) is to change variables and
replace $h$ with $h/|\xi|$







Theorem 12.26 (Sobolev embedding). If s > d/2 then Hs(Rd) ⊆ Cb(Rd), and the inclusion map is continuous.






