
12. Fourier Transform
12.1. Definition and Basic Properties.
(1) Recall if f ∈ L2

per([0, 1]), we set en(x) = e2πinx, an =
� L

0 f(x)e−2πinx dx and got f =
�

anen in L2.
(2) Suppose now f ∈ L2

per([−L/2, L/2]). Can we rescale and send L → ∞?





Definition 12.1. If f ∈ L1(Rd), ξ ∈ Rd, define the Fourier transform of f (denoted by f̂) by f̂(ξ) =
�

Rd

f̂(ξ)e−2πi�x,ξ� dx

Remark 12.2. More generally, if µ is a finite (signed) Borel measure, then can define µ̂(ξ) =
�

Rd

e−2πi�x,ξ� dµ(x).

Analogous to Fourier series, we will show that f̂ is defined even for f ∈ L2, and prove f(x) =
�

Rd

f̂(ξ)e+2πi�x,ξ� dξ.



Lemma 12.3 (Linearity). If f, g ∈ L1, α ∈ R then (f + αg)∧ = f̂ + αĝ.

Lemma 12.4 (Translations). Let τyf(x) = f(x − y). Then (τyf)∧(ξ) = e−2πi�y,ξ�f̂(ξ).

Lemma 12.5 (Dilations). Let δλf(x) = 1
λd f( x

λ ). Then (δλf)∧(ξ) = f̂(λξ).





Lemma 12.6. If f, g ∈ L1, then (f ∗ g)∧ = f̂ ĝ.



Lemma 12.7. If (1 + |x|)f(x) ∈ L1(Rd) then ∂j f̂(ξ) = (−2πixjf(x))∧(ξ).

Lemma 12.8. If f ∈ C1
0 , ∂jf ∈ L1, then (∂jf)∧(ξ) = 2πiξj f̂(ξ).







Theorem 12.9 (Riemann-Lebesgue Lemma). If f ∈ L1, then f̂ ∈ C0 and �f̂�L∞ � �f�L1 .


