
11.3. Change of variables.

Theorem 11.20. Let U, V ⊆ Rd be open and ϕ : U → V be C1 and bijective. If f ∈ L1(V ), then
�

V

f dλ =
�

U

f ◦ ϕ|det ∇ϕ| dλ.

The main idea behind the proof is as follows: Let µ(A) = λ(ϕ(A)).

Lemma 11.21. µ is a Borel measure and
�

U
f ◦ ϕ dµ =

�
V

f dλ.

Lemma 11.22. µ � λ

Lemma 11.23. Dµ = |det ∇ϕ|, where Dµ(x) = lim
r→0

µ(B(x, r))
|B(x, r)| .

Proof of Theorem 11.20. Follows immediately from the above Lemmas. �
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