11.2. Fundamental theorem of calculus.
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Question 11.12. Does f' [0,1] — R differentiable almost everywhere imply f' € L'? ND
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Question 11.13. Does f: [0,1] — R differentiable almost everywhere, and f' € L* imply f(z fo f'e <V\>?7) KM[N%\A
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Definition 11.14. We say f: R — R is ahsolutely continuous if for every £ > 0 there exists § 0> 0 such that Zl |z —yil <6 =
Zl |f(zi) — (yz)| <e&.

Remark 11.15. Any absWous function is continuous, but not conversely.
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Theorem 11.16. Let f: [a,b] — R be measurable. Then f is absolutely continuous if and only if f is differentiable almost
everywhere, f' € L', and f(z) — f(a) = [T f a}}k@everywhere. T -
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Proof of the reverse implication of Theorem 11.16 ‘
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Lemma 11.17. If f is absolutely continuous, \fnono one an
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injective| then f is differentiable almost everywhere, f' € L' and
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Lemma 11.18. If f is absolutely continuous and monotone,|then f is differentiable almost everywhere, f' € L* and f(z) — f(a) =
f f' almost everywhere
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Eemma 11.19. If f is absolutely continuous then there exist g, h mWsuch that f =g — h.
g___\/ = ¢ [E—

Proof of the forward implication of Theorem 11.16. Follows immediately from the previous lemmas. O
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