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Definition 11.5 (Maximal function). Let 3 be a finite (signed) Borel measure on Rd Define the maximal function of p py
-
ul(B(z, 7))
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Proposition 11.8. Iff € L*(RY), then 1m|B |/ x)| dy = 0 almost everywhere.
ly—az|< )

Remark 11.9. This immediately implies Theo
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du
Corollary 11.10. Ifu < A\ is a finite signed measure, then the Radon-Nikodym derivative is given by — N hm

Remark 11.11. Wil use this to prove the change of variables formula.

p(B(z,r))
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{ve BN > E)lg@ﬂ > v{)m, }VH

|y

A

.
-

)

|

ol ) !

20

T
L R(RG W)
>0



Let’s now deal with the second fundamental theorem of calculus:

Question 11.12. Does f: [0,1] = R diﬁerentiable almost everywhere imply f' € L*?
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Question 11.13. Does f: [0,1] = R differentiable almost everywhere, and f' € L' imply f f (/\)q - [ﬁMIL}Né >
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Definition 11.14. We say f: R — R is absolutely continuous if for every € > 0 there exists 4 > 0 such that Zf,\xl -yl <d =
N e
2ou f(a) = flyi)l <e

Remark 11.15. Any absolutely continuous function is continuous, but not conversely.



