


Definition 11.5 (Maximal function). Let µ be a finite (signed) Borel measure on Rd. Define the maximal function of µ by

Mµ(x) = sup
r>0

|µ|(B(x, r))
|B(x, r)|

Proposition 11.6. Mµ ∈ L1,∞, and |Mµ > α| � 3d

α �µ�.

Corollary 11.7. If f ∈ L1(Rd), then |{Mf > α}| � 3d

α �f�L1 .







Proposition 11.8. If f ∈ L1(Rd), then lim
r→0

1
|B(x, r)|

�

|y−x|<r

|f(y) − f(x)| dy = 0 almost everywhere.

Remark 11.9. This immediately implies Theorem 11.3.







Corollary 11.10. If µ � λ is a finite signed measure, then the Radon-Nikodym derivative is given by dµ

dλ
= lim

r→0

µ(B(x, r))
|B(x, r)| .

Remark 11.11. Will use this to prove the change of variables formula.



Let’s now deal with the second fundamental theorem of calculus:

Question 11.12. Does f : [0, 1] → R differentiable almost everywhere imply f � ∈ L1?

Question 11.13. Does f : [0, 1] → R differentiable almost everywhere, and f � ∈ L1 imply f(x) =
� x

0 f �?



Definition 11.14. We say f : R → R is absolutely continuous if for every ε > 0 there exists δ > 0 such that
�N

1 |xi − yi| < δ =⇒�N
1 |f(xi) − f(yi)| < ε.

Remark 11.15. Any absolutely continuous function is continuous, but not conversely.


