


Definition 10.37. For s � 0, let Hs
per

def= {f ∈ L2 | �f�Hs < ∞}, where �f�2
Hs =

�
(1 + |n|)2s|f̂(n)|2.

Remark 10.38. Hs is essentially the space of L2 functions that also have s “weak derivatives” in L2.

Theorem 10.39 (1D Sobolev Embedding). If s > 1
2 and Hs

per ⊆ Cper([0, 1]) and the inclusion map is continuous.

Remark 10.40. Need s > 1
2 . The theorem is false when s = 1/2.

Remark 10.41. In d dimensions the above is still true if you assume s > d/2.

Remark 10.42. More generally one can show for α ∈ (0, 1), s = 1
2 + n + α, Hs

per ⊆ Cn,α.









Theorem 10.43 (1D Sobolev embedding). If s > 1
2 − 1

2n , then Hs
per ⊆ L2n and the inclusion map is continuous.

Remark 10.44. The above is true for s = 1
2 − 1

p , for some p ∈ [1, ∞) but our proof won’t work.



11. Differentiation
11.1. Lebesgue Differentiation.

Theorem 11.1 (Fundamental theorem of Calculus 1). If f is continuous and F (x) =
� x

0 f(t) dt, then F is differentiable and F � = f .

Theorem 11.2 (Fundamental theorem of Calculus 2). If f is Riemann integrable, and F � = f , then
� b

a
f = F (b) = F (a).

Our goal is to generalize these to Lebesgue integrable functions.

Theorem 11.3 (Lebesgue Differentiation). If f ∈ L1(Rd), then for almost every x ∈ Rd we have 1
|B(x, ε)|

�

B(x,ε)
f dλ = f(x).



Lemma 11.4 (Vitali Covering Lemma). Let W ⊆ ∪N
1 B(xi, ri). There exists S ⊆ {1, . . . , N} such that:

(1) {B(xi, ri) | i ∈ S} are pairwise disjoint.
(2) W ⊆ ∪i∈SB(xi, 3ri) and hence |W | � 3d

�
i∈S B(xi, ri).






