
Definition 10.12. (ϕn) is an approximate identity if: (1) ϕn � 0, (2)
�
Rd ϕn = 1, and (3) ∀ε > 0, lim

n→∞

�

{|y|>ε}
ϕn(y) dy = 0.

Example 10.13. Let ϕ � 0 be any function with
�
Rd ϕ = 1, and set ϕε = 1

εd ϕ( x
ε ).

Example 10.14. Gt(x) = (2πt)−d/2 exp(−|x|2/(2t)), for x ∈ Rd.



Proposition 10.15. If p ∈ [1, ∞), f ∈ Lp, and (ϕn) is an approximate identity, then ϕn ∗ f → fn in Lp.

Remark 10.16. For p = ∞ the above is still true at points where f is continuous.







10.3. Fourier Series. Let X = [0, 1] with the Lebesgue measure. For n ∈ Z define en(x) = e2πinx, and given f, g ∈ L2(X,C) define
�f, g� =

�
X

fḡ dλ. This defines an inner product on L2(X), and �f�2
L2 = �f, f�.

Definition 10.17. If f ∈ L2, n ∈ Z, define the nth Fourier coefficient of f by f̂(n) = �f, en�.
Definition 10.18. For N ∈ N, let SN f =

�N
−N f̂(n)en, be the N -th partial sum of the Fourier Series of f .

Question 10.19. Does SN f → f? In what sense?



Lemma 10.20. �en, em� = δn,m.

Corollary 10.21. Let p ∈ span{e−N , . . . , eN }. Then �f − SN f, p� = 0. Consequently, �f − SN f�2 � �f − p�2.





Proposition 10.22. SN f = DN ∗ f , where DN =
sin(2π(N + 1

2 )x)
sin(πx) . The functions DN are called the Dirichlet Kernels.



Proposition 10.23. Define the Cesàro sum by σN f = 1
N

�N−1
0 Snf . Then σN f = FN ∗ f , where FN = 1

N

� sin(Nπx)
sin(πx)

�2
.

Remark 10.24. The functions FN are called the Fejér Kernels.

Proposition 10.25. The Fejér kernels are an approximate identity, but the Dirichlet kernels are not.



Corollary 10.26. If p ∈ [1, ∞) and f ∈ Lp, then σN f → f in Lp.

Corollary 10.27. If f ∈ L2 then SN f → f in L2.

Remark 10.28. If f ∈ Lp for p �= 2 we need not have SN f → f in Lp.


