
10.2. Convolutions.

Definition 10.8. If f, g ∈ L1(Rd) define the convolution by f ∗ g(x) =
�

Rd

f(x − y)g(y) dy =
�

Rd

f(y)g(x − y) dy.

Remark 10.9. If f, g ∈ L1(Rd), then f ∗ g < ∞ almost everywhere.





Theorem 10.10 (Young). If 1
p + 1

q = 1 + 1
r , f ∈ Lp(Rd), g ∈ Lq(Rd) then f ∗ g ∈ Lr(Rd), and �f ∗ g�Lr � �f�Lp�g�Lq .

Remark 10.11. One can show �f ∗ g�r � Cp,q�f�p�g�q for some constant Cp,q < 1. The optimal constant can be found by choosing
f, g to be Gaussian’s.









Definition 10.12. (ϕn) is an approximate identity if: (1) ϕn � 0, (2)
�
Rd ϕn = 1, and (3) ∀ε > 0, lim

n→∞

�

{|y|>ε}
ϕn(y) dy = 0.

Example 10.13. Let ϕ � 0 be any function with
�
Rd ϕ = 1, and set ϕε = 1

εd ϕ( x
ε ).

Example 10.14. Gt(x) = (2πt)−d/2 exp(−x2/(2t)).



Proposition 10.15. If p ∈ [1, ∞), f ∈ Lp, and (ϕn) is an approximate identity, then ϕn ∗ f → fn in Lp.

Remark 10.16. For p = ∞ the above is still true at points where f is continuous.


