
10. Product measures
Let (X, Σ, µ) and (Y, τ, ν) be two measure spaces. Define Σ × τ = {A × B | A ∈ Σ, B ∈ τ}, and Σ ⊗ τ = σ(Σ × τ).

Theorem 10.1. Let µ, ν be two σ-finite measures. There exists a unique measure π on Σ ⊗ τ such that π(A × B) = µ(A)ν(B) for
every A ∈ Σ, B ∈ τ .

Theorem 10.2 (Tonelli). Let f : X × Y → [0, ∞] be Σ ⊗ τ -measurable. For every x0 ∈ X, y0 ∈ Y the functions x �→ f(x, y0) and
y �→ f(x0, y) are measurable. Moreover,
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Theorem 10.3 (Fubini). If f ∈ L1(X × Y, π) then for almost every x0 ∈ X, y0 ∈ Y , the functions x �→ f(x, y0) and y �→ f(x0, y)
are integrable in x and y respectively. Moreover,(10.1) holds.



Lemma 10.4. For every E ⊆ X × Y , x ∈ X, y ∈ Y define the horizontal and vertical slices of E by Hy(E) = {x ∈ X | (x, y) ∈ E}
and Vx = {y ∈ Y | (x, y) ∈ E}.

(1) For every x ∈ X, y ∈ Y we have Hy(E) ∈ Σ and Vx(E) ∈ τ .
(2) The functions x �→ ν(Vx(E)) and y �→ µ(Hy(E)) are measurable.









Proof of Theorem 10.1






