10. Product measures {E&W{@ % Y- Jfk :

Let (X, %, u) and (Y, 7,v) be two measure spaces. Define ¥ ><T:{A><B|AEZ Berhand X ®@7=0(X x7).

Theorem 10.1. Let ji,v be two@measur&s There exists a}um ue fmeasure T on X @ 7 such that (A x B) = u(A)v(B) for
every Ae X, Ber. T
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Theorem 10.2 (Tonelli). Let f: X xY — [0,00] be ¥ ® T-measurable. For very) o € X, yo €Y the functions x — f(z, yo) and
P JAT Yo)

y — f(x0,y) are measurable. Moreover,
y = J (o) — Fodo| Indeapls —3

10.1 f,y) dn(z,y) Pl w) dvly)) du) / . / F(a.y) dp(z) ) dvy).
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Theorem 10.3 Fubun then for almost everylryg € X, yo € Y, the functions T = flz y ) and y — f(zo,y)
are integrable in x and y res ectwely Moreover (10.1) holds.
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Lemmi 10.4. For every EC X xY, x € X, y €Y define the horizontal and vertical slices of E by H, ( )={z e X|(z,y) € B}
and V, {y€Y|$y € E}. —
(1) For eve everyx € X, y €Y we have H y(B) € X and V,(E) €
(2) The functions z — v(Vo(E)) and y — u(Hy(E)) are measumble, \/(@3
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Proof of Theorem 10.1
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