
Theorem 9.25. Let (X, Σ, µ) be a σ-finite measure space, p ∈ [1, ∞), 1/p + 1/q = 1. The map g �→ Tg is a bijective linear isometry
between Lq and (Lp)∗.

Remark 9.26. For p ∈ (1, ∞) the above is still true even if X is not σ-finite.

Remark 9.27. For p = ∞, the map g �→ Tg gives an injective linear isometry of L1 → (L∞)∗). It is not surjective in most cases.















9.4. Riesz Representation Theorem.

Theorem 9.28 (Riesz Representation Theorem). Let X be a compact metric space, and M be the set of all finite signed measures
on X. Define Λ : M → C(X)∗ by Λµ(f) =

�
X

f dµ for all µ ∈ M and f ∈ C(X). Then Λ is a bijective linear isometry.

Remark 9.29. In particular, for every I ∈ C(X)∗, there exists a unique finite regular Borel measure µ such that I(f) =
�

X
f dµ for

every f ∈ C(X).





10. Product measures
Let (X, Σ, µ) and (Y, τ, ν) be two measure spaces. Define Σ × τ = {A × B | A ∈ Σ, B ∈ τ}, and Σ ⊗ τ = σ(Σ × τ).

Theorem 10.1. Let µ, ν be two σ-finite measures. There exists a unique measure π on Σ ⊗ τ such that π(A × B) = µ(A)ν(B) for
every A ∈ Σ, B ∈ τ .

Theorem 10.2 (Tonelli). Let f : X × Y → [0, ∞] be Σ ⊗ τ -measurable. For every x0 ∈ X, y0 ∈ Y the functions x �→ f(x, y0) and
y �→ f(x0, y) are measurable. Moreover,

(10.1)
�

X×Y

f(x, y) dπ(x, y) =
�

x∈X

��

y∈Y

f(x, y) dν(y)
�

dµ(x) =
�

y∈Y

��

x∈X

f(x, y) dµ(x)
�

dν(y) .

Theorem 10.3 (Fubini). If f ∈ L1(X × Y, π) then for almost every x0 ∈ X, y0 ∈ Y , the functions x �→ f(x, y0) and y �→ f(x0, y)
are integrable in x and y respectively. Moreover,(10.1) holds.


