
Theorem 9.16. Let µ, ν be positive measures such that ν is σ-finite. There exists a unique pair of measures (νac, νs) such that
νac � µ, νs ⊥ µ, and ν = νac + νs.







Corollary 9.17. Let µ be a positive measure, and ν be a finite signed measure. There exists a unique pair of signed measures
(νac, νs) such that νac � µ, νs ⊥ µ and ν = νac + νs.



Corollary 9.18. Let µ, ν be σ-finite positive measures. There exists a unique positive measure νs and nonnegative measurable
function g such that µ ⊥ νs and dν = dνs + g dµ.



9.3. Dual of Lp.

Proposition 9.19. Let U, V be Banach spaces, and T : U → V be linear. Then T is continuous if and only if there exists c < ∞
such that �Tu�V � c�u�U for all u ∈ U , v ∈ V .





Definition 9.20. We say T : U → V is a bounded linear transformation if T is linear and there exists c < ∞ such that
�Tu�V � c�u�U for all u ∈ U , v ∈ V .

Definition 9.21. The dual of U is defined by U ∗ = {u∗ | u∗ : U → R is bounded and linear.} Define a norm on U ∗ by

�u∗�U∗
def= sup

u∈U−0

1
�u�U

u∗(u) = sup
�u�U =1

1
�u�U

u∗(u) = sup
�u�U =1

1
�u�U

|u∗(u)| .

Proposition 9.22. The dual of a Banach space is a Banach space.



Proposition 9.23. Let 1/p + 1/q = 1, g ∈ Lq(X). Define Tg : Lp → R by Tgf =
�

X
fg dµ. Then Tg ∈ (Lp)∗.

Proposition 9.24. The map g �→ Tg is a bounded linear map from Lq → (Lp)∗.



Theorem 9.25. Let (X, Σ, µ) be a σ-finite measure space, p ∈ [1, ∞), 1/p + 1/q = 1. The map g �→ Tg is a bijective linear isometry
between Lq and (Lp)∗.

Remark 9.26. For p ∈ (1, ∞) the above is still true even if X is not σ-finite.

Remark 9.27. For p = ∞, the map g �→ Tg gives an injective linear isometry of L1 → (L∞)∗). It is not surjective in most cases.






