
9. Signed Measures
9.1. Hanh and Jordan Decomposition Theorems.

Definition 9.1. We say µ : Σ → [−∞, ∞] is a signed measure if:
(1) The range of µ doesn’t contain both +∞ and −∞.
(2) µ(∅) = 0
(3) If Ai ∈ Σ are countably many pairwise disjoint sets then µ(∪∞

1 Ai) =
�∞

1 µ(Ai).

Example 9.2. Let f ∈ L1(X, µ), and define ν by ν(A) =
�

A
f dµ. Then ν is a signed measure, and we write dν = f dµ.

Example 9.3. If µ, ν are two (positive) measures such that either one is finite, then µ − ν is finite.

Theorem 9.4 (Jordan Decomposition). Any signed measure can be written (uniquely) as the difference of two mutually singular
positive measures.



Definition 9.5. We say A ∈ Σ is a negative set if µ(B) � 0 for all measurable sets B ⊆ A.

Proposition 9.6. If µ(A) ∈ (−∞, ∞) then there exists B ⊆ A such that B is negative and µ(B) � µ(A).



Theorem 9.7 (Hanh decomposition). If µ is a signed measure on X, then X = P ∪ N where P is positive and N is negative.

Remark 9.8. The decomposition is unique up to null sets.







Definition 9.9. We say two positive measures µ, ν are mutually singular if there exists C ⊆ X such that for every A ∈ Σ we have
µ(A ∩ C) = ν(A ∩ Cc) = 0.

Proof of Theorem 9.4





Definition 9.10. Let µ be a signed measure with Jordan decomposition µ = µ+ − µ−. Define the variation of µ to be the (positive)
measure |µ| def= µ+ + µ−.

Definition 9.11. Define the total variation of µ by �µ� = |µ|(X).

Proposition 9.12. Let M be the set of all finite signed measures on X. Then M is a Banach space under the total variation norm.



9.2. Absolute Continuity.

Definition 9.13. Let µ, ν be two measures. We say ν is absolutely continuous with respect to µ (notation ν � µ) if whenever
µ(A) = 0 we have ν(A) = 0.

Example 9.14. Let g � 0 and define ν(A) =
�

A
g dµ. (Notation: Say dν = g dµ.)

Theorem 9.15 (Radon-Nikodym). If µ, ν are two σ-finite positive measures with ν � µ, then there exists a measurable function g
such that 0 � g < ∞ almost everywhere and dν = g dµ.






