Theorem 8.33 (Vitali). Let (f,) € L'(X). The sequence (f,) is convergent in L' if and only if
Mmoo T
(fn) converges in measure,—
fn) is uniformly integrable, —
;htness ) there exists F € & wzth\u(F) < 0o such that [,..|fn|dp < e for all n.

Proof:
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heorem 8.34.)If }\lim sup/ |fnldu =0, then (f,) is uniformly integrable. /"%7‘/ @WW
—00 nJq

Theorem 8.35. If there exists an increasing function ¢: [0,00) — [0,00) such thaf lim elz)

r—oo I

oo, and sup [ (1) du < o,
X —
then (fn) is uniformly integrable.

Remark 8.36. The hypothesis in both the above theorems are equivalent.
Remark 8.37. If additionally|sup,, [ XLfn| dp < 00,/then the converse of both the above theorems are true.
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Corollary 8.38. If M measure, |j1(X) < ool and M for any{ﬁ_ld,, then (fn) — f in_L2 for every q € [1,p).
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9./ Signed Measures \M d&f} P /i
9.1 "Hanh and Jordan Decomposition Theorems. C)( ) Z > j/%

Definition 9.1. We say 1u: 3 — [—o0, od] is a signed if: J
ernnition € say& = OO o0 1S a signea measure 1 M_,QC/W,' ’j t/\{A”) %fi j W{/és/[/\L

(1) The range of y doesn’t contain both +o0o and —ooc. %7
y@) p(®) =0 W
(3) If A; € ¥ are countably many pairwise disjoint sets then ﬁ(}_{l,.,.ﬂ ) ;.14_(—“& &

Example@.Let f € LY(X, ), and define v by@: fA fdup. Then v is a signed measure, and we writé du jfd,u
Example(9.3./If 1, v are two (w) measures such thamgthen g—/l/ls fiwite. (A 4/) AMAC Il
Theorem 9.4 (Jordan Decomposition). Any signed measure can be written@as the difference of two Smufua%%y smgu%aﬁ

positive measures.
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Definition 9.5. We say A € ¥ is a(negative setSif w(B) < 0 for all measurable sets B C A.
- —
nd)u(B) < u(4).

P@Opo@ixi()n 9.6. If 1(A) € (—00,00) then there exists B C A such that B is negative a
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