
Proposition 8.28. If p ∈ [1, ∞), (fn) → f in Lp, then (fn) → f in measure.

Lemma 8.29 (Chebychev’s inequality). For any λ > 0, we have µ({|f | > λ}) � 1
λ
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Proof of Proposition 8.28



8.3. Uniform integrability.

Question 8.30. When does convergence in measure imply L1 convergence?

Definition 8.31. We say {fαα ∈ A} is uniformly integrable if for all ε > 0 there exists δ > 0 such that whenever µ(E) < δ we
have
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|f | dµ < ε.

Proposition 8.32. If |fα| � F for all α ∈ A, and F ∈ L1, then {fα | α ∈ A} is uniformly integrable.





Theorem 8.33 (Vitali). Let (fn) ∈ L1(X). The sequence (fn) is convergent in L1 if and only if
(1) (fn) converges in measure,
(2) (fn) is uniformly integrable,
(3) (tightness) there exists F ∈ Σ with µ(F ) < ∞ such that
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F c |fn| dµ < ε for all n.

Proof:
















