




Definition 8.16. Define an equivalence relation on Lp by f ∼ g if f = g almost everywhere.

Definition 8.17. Define Lp(X) = Lp(X)/ ∼.

Remark 8.18. We will always treat elements of Lp(X) as functions, implicitly identifying a function with its equivalence class under
the relation ∼. In order to be logically correct, however, we need to ensure that every operation we perform on functions respects
the equivalence relation ∼.

Theorem 8.19. For p ∈ [1, ∞], Lp(X) is a Banach space.



Theorem 8.20 (Hölder’s inequality). Say p, q ∈ [1, ∞] with 1/p + 1/q = 1. If f ∈ Lp and g ∈ Lq, then fg ∈ L1 and
|
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fg dµ| � �f�p�g�q.

Remark 8.21. The relation between p and q can be motivated by dimension counting, or scaling.





Brute force proof of Theorem 8.20



Proof of Theorem 8.20 using Young’s inequality.

Theorem 8.22 (Young’s inequality). If x, y � 0, 1/p + 1/q = 1 then xy � xp/p + yq/q.





Lemma 8.23 (Duality). If p ∈ [1, ∞), 1/p + 1/q = 1, then �f�p = sup
g∈Lq−0
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fg dµ = 1

Remark 8.24. For p = ∞ this is still true if X is σ-finite.





Theorem 8.25 (Minkowski’s inequality). If f, g ∈ Lp, then f + g ∈ Lp and �f + g�p � �f�p + �g�p.


