Theorem 8.5. If (f,.) — f almost everywhere andk(X) < oo,\then (fn) — f in measure.

~Lemma 8.6 (Egorov). If (fn) = [ almost everywhere and|u(X) < oo, |for every e > 0 there exists Ac such that p(Ag) < e and

(fn) = f uniformly on A.. —
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Question 8.7. Does this imply (f,) — f uniformly almost everywhere? @) () “J;—aé
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Proof of Theorem 8.5




Proposition 8.8. If (f,) — f in measure then (f,) need not converge to f almost everywhere.
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Proposition 8.9. If (f,) — f in measure, then there exists a subsequence (fy,,) such that (fn,) — f almost everywhere.
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8.2. LP spaces.

Definition 8.10. A |Banac is a normed vector space that is complete under the ‘metric inds induced by the norm.
Ezample 8.11. Q,Ed, C’;(,{)’ etc. are al%ces. CQQ Ai% X_> E (.;\% é, )< %
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Definition 8.12. For E(\O},}g)‘, define || f||, = / [fIP d,u . \%b)
Definition 8.13. For p = oo, define Hf||OO = ess sup|f| inf{C > 0| \f| <C almost &,nypeslyw
Definition 8.14. Let (X, X, 1) be a measure space and assume ¥ is u-complete. DeﬁnejZE_L ={f: X > RI[[|f]lp < oo}.
Question 8.15. Is £P(X) a Banach space? -
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Definition 8.16. Define ?ﬁ)e('?uivalence relation on LP by f ~ g if f = g almost everyvv

Definition 8.17. Define AX(X) = LP(X)/ ~. O() 0% (%)/‘\/

Remark 8.18. We will always treat elements of LP as functions, imphc1t1y?71t1fymg a function with its equivalence class|under

tﬁe relajuioil ~. Inlor.der tNo be logically correct, however, we need to ensure that Wmm
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Theorem 8.20 (Holder’s inequality). Say p,q € [1,00] withIf f € LP and g € L9, then fg e L' an
|[x fadul <IIflpllgll - L

. S el gllq- \
Remark 8.21. The relation between p and g can be motivated by dimension counti LN &)(
Wb; 0.
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