
Theorem 8.5. If (fn) → f almost everywhere and µ(X) < ∞, then (fn) → f in measure.

Lemma 8.6 (Egorov). If (fn) → f almost everywhere and µ(X) < ∞, for every ε > 0 there exists Aε such that µ(Ac
ε) < ε and

(fn) → f uniformly on Aε.

Question 8.7. Does this imply (fn) → f uniformly almost everywhere?



Proof of Theorem 8.5



Proposition 8.8. If (fn) → f in measure then (fn) need not converge to f almost everywhere.



Proposition 8.9. If (fn) → f in measure, then there exists a subsequence (fnk
) such that (fnk

) → f almost everywhere.





8.2. Lp spaces.

Definition 8.10. A Banach space is a normed vector space that is complete under the metric induced by the norm.

Example 8.11. C, Rd, C(X), etc. are all Banach spaces.

Definition 8.12. For p ∈ (0, ∞), define �f�p =
��

X

|f |p dµ
�1/p

.

Definition 8.13. For p = ∞, define �f�∞ = ess sup|f | = inf{C � 0 | |f | � C almost surely}
Definition 8.14. Let (X, Σ, µ) be a measure space, and assume Σ is µ-complete. Define Lp(X) = {f : X → R | �f�p < ∞}.

Question 8.15. Is Lp(X) a Banach space?





Definition 8.16. Define an equivalence relation on Lp by f ∼ g if f = g almost everywhere.

Definition 8.17. Define Lp(X) = Lp(X)/ ∼.

Remark 8.18. We will always treat elements of Lp(X) as functions, implicitly identifying a function with its equivalence class under
the relation ∼. In order to be logically correct, however, we need to ensure that every operation we perform on functions respects
the equivalence relation ∼.

Theorem 8.19. For p ∈ [1, ∞], Lp(X) is a Banach space.



Theorem 8.20 (Hölder’s inequality). Say p, q ∈ [1, ∞] with 1/p + 1/q = 1. If f ∈ Lp and g ∈ Lq, then fg ∈ L1 and
|
�

X
fg dµ| � �f�p�g�q.

Remark 8.21. The relation between p and q can be motivated by dimension counting, or scaling.


