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7.3. Push forward measures
Definition 7.21. Say f: X R? ig integrable, then define [ fdu = ([y frdu,..., [y fadp, where f = (f1,..., fa).

Theorem 7.22. Let (X,%, 1) be a ce, f: X S Y be arbitrary. Define T = {A C Y | f71(A) € X}, and define
v(A) = p(f~1(A)). \Then v is a measure on (Y, 7)) and [, gdv = [ go f R e

Remark 7.23. The measure v is called the @Mof w and denoted by f*(u), or@ This is used often to define Laws of

random variables. (We will use it to prove the.change of variable formula.) =
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8. Convergence

8.1. Modes of convergen

@eﬁnition 8.1. Wesay (fn) — f l‘w if for almost every x € X, we have (f,(z)) = f(z).

efinition 8.2. We say (f,) — f in measure (notation (f,) 2 f) if for all € > 0, we have (u{|f. — f| > ¢}) —
—= _ b - e
—Definition 8.3. Let p € [1,00).|We say (f,) — f in LP if ([[fn — f|P du) — 0.
Question 8.4. Wh )

p> 1?2 How about p = co?
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(fn) — f almost everywhere implies (f,,) — f in measure if u(X) < .

(fn) = f in measure implies (f,) — f almost everywhere along a subsequence.

(fn) — f in LP implies (f,) — f in measure (for p < oo), and hence (f,) — f along a subsequence.
Convergence almost everywhere or in measure don’t imply convergence in LP.

(1)
(2)
(3)
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then (fn) — f in measure.

Theorem 8.5. If (f,) — f almost everywhere and kIA(X) < 00,
Lemma 8.6 (Egorov). If (f,) — f almost everywhe

e hy Ly ¢
Question 8.7. Does this imply (f,) — f uniformly almost everywhere? CN D % G(> . %4’\ [D ]] >
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e and|p( )?r< 00, for every > 0 there exists A such that (f ) — f uniformly







