


7.2. Dominated convergence. When does lim
�

X
fn dµ �=

�
X

f dµ? Two typical situations where it fails:
(1) Mass escapes to infinity
(2) Mass clusters at a point



Theorem 7.15 (Dominated convergence). Say (fn) is a sequence of measurable functions, such that (fn) → f almost everywhere.
Moreover, there exists F ∈ L1(X) such that |fn| � F almost everywhere. Then limn→∞

�
X

fn dµ =
�

X
f dµ.



Lemma 7.16 (Fatou). Suppose fn � 0, and (fn) → f . Then lim inf
�

X
fn dµ �

�
X

f dµ.



Proof of Theorem 7.15





Theorem 7.17 (Beppo-Levi). If fn � 0, then
�∞

1
�

X
fn dµ =

�
X

(
�∞

1 fn) dµ.



Theorem 7.18. If f : Rd → R is Riemann integrable, then the Riemann integral of f is the same as the Lebesgue integral.

Proof. IOU �



Question 7.19. Let f : [0, ∞) → R be measurable, and define the Laplace transform of f by F (s) =
� ∞

0 e−stf(t) dt. Is F continuous?
Is F differentiable?







Question 7.20. Let ϕ be a bump function, and (qn) be an enumeration of the rationals. Define f(x) =
�∞

n=1 ϕ(2n(x − qn)). Is f
finite almost everywhere?


