7. Integration Cé. = Z 0( ZZL 3

7.1. Construction of the Lebesgue integral. Recall, s: X — R is simple if s is measurable and has finite range.

Definition 7.1. Let s > 0 be a simple function. Let {ai,...,a,} = s(X), and set A; = s~ '(a;). Define [y sdu=>1", aﬁﬁNAl)

Remark 7.2. Always use the convention 0 - co = 0.

Remark 7.3. Other notation: fX sdp = [ s(x) du(z).



Proposition 7.4. If0.< s <t are simple, then fX sdp < Jx tdp. < W}pm k% }/Vw
Proposition 7.5. If s,t > 0 are simple, then [, (s +t)du= [y sdu+ [y tdp.
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Definition 7.6. Let f: X — [0, 00] be measurable. Define [, fdu =sup{ [y sdu|0 <s < f, s simple.}. Q %2” O>

Definition 7.7. Let f: X — [—00, 00] be measurable. We say f is integrable ifM\oo and fX [~ du < oco. In this case we
define fxfdﬂ:fxf+d“_ffﬁﬁ; QO% W@{(WHM]L> e
Definition 7.8. We let L'(X) = L1(X, %, 1) be the set of all integrable functions on X. (Note f € L! += |f] € Ll.)\\
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Definition 7.9. We say f is {integrable in the extended sens_e) if either fX fTdu < od or fX f~ dp < oco. In this case we still define
Sy fdn= [ J*du— [y J~ dn. " "
Remark 7.10. If both [y f*du = o0 and [ f~ du = oo, then [, fdu is not defined.
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M
Proposition 7.12 (Consistency). If s = Y ) a;la, > 0 is simple, then Y- a;u(A;) = sup{ [ tdu |0 <t < s, simple}.
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Theorem 7.13 (Monotone convergence). Say (f) — f almost everywher 0 f <f , then ([ fodp) = [ fdp.
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Theo
rem 7.14. If f,g are integrable, then [ (f +g)dp = [y fdu+ [ gdu
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