
Definition 6.25. A function s : X → R is called simple if s is measurable, and has finite range (i.e. s(R) = {a1, . . . an}).

Question 6.26. Why bother with simple functions?



Theorem 6.27. If f � 0 is a measurable function, then there exists a sequence of simple functions (sn) which increases to f .

Corollary 6.28. If f : X → R is measurable, then there exists a sequence of simple functions (sn) such that (sn) → f pointwise,
and |sn| � |f |.







Theorem 6.29 (Lusin). Let µ be a finite regular measure on a metric space X. Let f : X → R be measurable. For any ε > 0 there
exists a continuous function g : X → R such that µ{f �= g} < ε.



Lemma 6.30 (Tietze’s extension theorem). If C ⊆ X is continuous, and f : C → R is continuous, then there exist f̄ : X → R such
that f̄ = f on C.



Lemma 6.31. Let f : X → R be measurable. For every ε > 0, there exists C ⊆ X closed such that µ(X − C) < ε and f : C → R is
continuous.





Proof of Lusin’s theorem. Previous two lemmas. �
Proof of Lemma 6.31. �


