
Definition 6.13 (Cantor function). Let C be the Cantor set, and α = log 2/ log 3 be the Hausdorff dimension of C. Let
f(x) = Hα(C ∩ [0, x])/Hα(C).

(1) f(0) = 0, f(1) = 1 and f is increasing. (In fact, f is differentiable exactly on C, and f � = 0 wherever defined.)
(2) f is continuous everywhere. (In fact f is Hölder continuous with exponent α = log 2/ log 3.)
(3) Let g = f−1. That is, g(x) = inf{y | f(y) = x} (Note, since f is continuous f(g(x)) = x)).

Proposition 6.14. The function g : [0, 1] → C is a strictly injective Borel measurable function.





Theorem 6.15. L(R) � B(R).



Theorem 6.16. There exists h1, h2 : R → R such that h1 is L(R)-measurable, h2 is B(R) measurable, but h1 ◦ h2 is not L(R)
measurable.

Remark 6.17. Note h2 ◦ h1 has to be B(R)-measurable.



Definition 6.18. Let (X, Σ, µ) be a measure space. We say a property P holds almost everywhere if there exists a null set N such
that P holds on N c.

Example 6.19. If f, g are two functions, we say f = g almost everywhere if {f �= g} is a null set.

Example 6.20. Almost every real number is irrational.

Example 6.21. If A ∈ L(R), then lim
h→0

λ(A ∩ (x, x + h))
h

= 1A(x) for almost every x. (Contrast with HW3, Q3b)

Example 6.22. Let x ∈ (0, 1), and pn/qn be the nth convergent in the continued fraction expansion of x. Then lim
n→∞

log qn

n = π2

12 log 2 .





Assume hereafter (X, Σ, µ) is complete.

Proposition 6.23. If f = g almost everywhere and f is measurable, then so is g.



Proposition 6.24. If (fn) → f almost everywhere, and each fn is measurable, then so is f .




