
Theorem 6.5. Say f : X → Y is measurable. Then, for every B ∈ B(Y ), we must have f −1(B) ∈ Σ.

Lemma 6.6. Let f : X → Y be arbitrary, and Σ be a σ-algebra on X. Then Σ� = {A ⊆ Y | f−1(A) ∈ Σ} is a σ-algebra (on Y ).



Corollary 6.7. Let f : X → [−∞, ∞]. Then f is measurable if and only if for all a ∈ R, we have {f < a} ∈ Σ.



Lemma 6.8. If f : X → Rm is measurable, and g : Rm → Rn is Borel, then g ◦ f : X → Rn is measurable.

Question 6.9. Is the above true if g was Lebesgue measurable?



Theorem 6.10. Let fn : X → R be a sequence of measurable functions. Then sup fn, inf fn, lim sup fn, lim inf fn and lim fn (if it
exists) are all measurable.





Theorem 6.11. Let f, g : X → R. The function (f, g) : X → R2 is measurable if and only if both f and g are measurable.



Corollary 6.12. If f, g : X → R are measurable, then so is f + g, fg and f/g (when defined).



Definition 6.13 (Cantor function). Let C be the Cantor set, and α = log 2/ log 3 be the Hausdorff dimension of C. Let
f(x) = Hα(C ∩ [0, x])/Hα(C).

(1) f(0) = 0, f(1) = 1 and f is increasing. (In fact, f is differentiable exactly on C, and f � = 0 wherever defined.)
(2) f is continuous everywhere. (In fact f is Hölder continuous with exponent α = log 2/ log 3.)
(3) Let g = f−1. That is, g(x) = inf{y | f(y) = x} (Note, since f is continuous f(g(x)) = x)).

Proposition 6.14. The function g : [0, 1] → C is a strictly injective Borel measurable function.


