
Corollary 5.16. Let N = {A ⊆ Rd | λ∗(A) = 0}. Then A ∈ L(Rd) if and only if A = B ∪ N for some B ∈ B(Rd) and N ∈ N .

Definition 5.17. Let (X, Σ, µ) be a measure space. We define the completion of Σ with respect to the measure µ by

Σµ
def= {A ⊆ X | ∃F, G ∈ Σ such that F ⊆ A ⊆ G and µ(G − F ) = 0}

For every A ∈ Σµ, find F, G as above and define µ̄(A) = µ(F ).

Definition 5.18. Let N = {A ⊆ X | ∃E ∈ Σ, E ⊇ A, µ(E) = 0}. We say (X, Σ, µ) is complete if N ⊆ Σ.

Theorem 5.19. Σµ is a σ-algebra, µ̄ is a measure on Σµ, and (X, Σµ, µ̄) is complete.



Theorem 5.20. Σµ is the smallest µ-complete σ-algebra containing Σ.

Corollary 5.21. Σµ = σ(Σ ∪ N ).

Corollary 5.22. L(Rd) = σ(B(Rd) ∪ N ).



Remark 5.23. There could exist µ-null sets that are not in Σ.



6. Measurable Functions
Definition 6.1. Let (X, Σ, µ) be a measurable space, and (Y, τ ) a topological space. We say f : X → Y is measurable if f−1(τ) ⊆ Σ.

Remark 6.2. Y is typically [−∞, ∞], Rd, or some linear space.

Remark 6.3. Any continuous function is Borel measurable, but not conversely.

Question 6.4. Say f : X → Y is measurable. For every B ∈ B(Y ), must f −1(B) ∈ Σ?



Theorem 6.5. Say f : X → Y is measurable. Then, for every B ∈ B(Y ), we must have f −1(B) ∈ Σ.

Lemma 6.6. Let f : X → Y be arbitrary. Then Σ� = {A ⊆ Y | f−1(A) ∈ Σ} is a σ-algebra (on Y ).





Corollary 6.7. Let f : X → [−∞, ∞]. Then f is measurable if and only if for all a ∈ R, we have {f < a} ∈ Σ.



Lemma 6.8. If f : X → Rm is measurable, and g : Rm → Rn is Borel, then g ◦ f : X → Rn is measurable.

Question 6.9. Is the above true if g was Lebesgue measurable?


