Corollary 5.16. Let N' = {A C R% | \*(A) = 0}. Then A € L(R?) if and only if A= BUN for some B € B(R?) and N € N.
Definition 5.17. Let (X, ¥, u) be a measure space. We define the completion of ¥ with respect to the measure u by
;}d:ef{AgXHF,Gez such that £ C A C G and u(G — F) = 0}
= A
For every A € ¥, find F, G as above and define M
Definition 5.18. LetPJy{: {ACX|3EeX, EDA, pn(E)=0} Wesay (X,%,p) is complete if N C X.

=

Theorem 5.19. X, is a o-algebra, [i is a measure on ¥, and (X, X, i) is complete.
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Theorem 5.20. X, is the smallest p-complete o-algebra containing 3.
vest [r-cor
torollary 5.21. ¥, =0(SUN). —
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Remark 5.23. There

ould exis

ll that not in X.
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6. easurable nctions

Definition 6.1. Let (X, ¥, 1) be a measurable space, and (Y, 7) a topological space. We say f: X — Y is measurable if f~1(7) C 3.
R k 6.2. Y is typically [— R4 li . < |
emari is typically [—o0, 00|, R?, or some linear space W < % m/>é¢

Remark 6.3. Any continuous function is Borel measurable, but not conversely

Question 6.4. Say f: X — Y is measurable. For every B € B(Y), must f~}(B) € ¥?
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Theorem 6.5. Say f: X — Y is measurable. Then, for every B € B(Y'), we must have f~YB)ex.
ey D LV
Lemma 6.6. Let f: X — Y be arbitrary. Then Z—WWM}' o-algebra (on).
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Corollary 6.7. Let f: X — [—00,00|. Then f is measurable if and only if for all a € R, we have|{f < a} € X.
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uestion 6.9. Is the above true if g was Lebesque measurable?
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Cemma 6.8. If f: X — R™ is measurable, and g: R™ — R"™ 4s Borel, then go f: X — R" is measura
Q

ble.



