




5.3. Non-measurable sets.

Theorem 5.13. There exists E ⊆ R such that E �∈ L(R).

Proof:
(1) Let Cα = {β ∈ R | β − α ∈ Q}. (This is the coset of R/Q containing α.)
(2) Let E ⊆ R be such that |E ∩ Cα| = 1 for all α.
(3) Note if q1, q2 ∈ Q with q1 �= q2, then q1 + E ∩ q2 + E = ∅.
(4) Suppose for contradiction E ∈ L(R).
(5) λ(E) > 0



(6) λ(E) = 0 (contradiction).



Theorem 5.14. Let A ⊆ Rd. Every subset of A is Lebesgue measurable if and only if λ(A∗) = 0.

Proof. One direction is immediate. The other direction is accessible with what we know so far, but we won’t do the proof in the
interest of time. �



5.4. Completion of measures.

Theorem 5.15. A ∈ L(Rd) if and only if there exist F, G ∈ B(Rd) such that F ⊆ A ⊆ G and λ(G − F ) = 0.



Corollary 5.16. Let N = {A ⊆ Rd | λ∗(A) = 0}. Then A ∈ L(Rd) if and only if A = B ∪ N for some B ∈ B(Rd) and N ∈ N .

Definition 5.17. Let (X, Σ, µ) be a measure space. We define the completion of Σ with respect to the measure µ by

Σµ
def= {A ⊆ X | ∃F, G ∈ Σ such that F ⊆ A ⊆ G and µ(G − F ) = 0}

For every A ∈ Σµ, find F, G as above and define µ̄(A) = µ(F ).

Definition 5.18. Let N = {A ⊆ X | ∃E ∈ Σ, E ⊇ A, µ(E) = 0}. We say (X, Σ, µ) is complete if N ⊆ Σ.

Theorem 5.19. Σµ is a σ-algebra, µ̄ is a measure on Σµ, and (X, Σµ, µ̄) is complete.


