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5.3. Non-measurable sets.

Theorem 5.13. There exists/ E C R such that E & L(R).

Proof:

(1) Let 2%’)7 {BEeR|B—aeQ}. (This is the coset of ]BLcontalmng a.)

Let £ C R be such that |[E N C,| =1 for all a.
Note if q1,¢2 € Q with|q; # ¢2 then@/—&-ﬂﬁ(p—i-E 0.
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QED.



(©) AE) =0 (contradicion).
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Theorem 5.14. |Let A C R%| Every subset of A is Lebesque measurable if and only if
- e
Proof. One direction is immediate. The other direction is accessible with what we know so far, but we won’t do the proof in the

interest of time. O
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5.4.RCompletion of measures.

Theorem5.15.f4/i_\£(_~)f nd only if there exist F,G € B(R?) such that F C A C G and \(G — F) = 0.
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C,QM}G Let N = {A CR?| \*(A) = 0}. Then A € L(RY) if and only if A= BUN for some B € B(R?) and N € N.

Definition 5.17. Let @) be a measure space. We define the completion of X Wlth respect to the My
— —{ACX|EIFGeEsuchthatFCACGand,u(G F) —0}

For every A e, ¥, find F, G as above and define ji(A) = _‘/\&@7 (_LOU ]L\ hre OQ%,VWL>
Definition 5.18. Let N {ACX[IEEeX, E2A pE)= p(E) = 0}. We say (X, %, p) is complete 1fN —De%
Theorem 5.19. E is a o-algebra, u is a measure on %, and M is complete. \//
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