


Definition 4.25. Define the Lebesgue σ-algebra by L(Rd) = {E | λ∗(A) = λ∗(A ∩ E) ∩ λ∗(A ∩ Ec) ∀A ⊆ Rd}.

Definition 4.26. Define the Lebesgue measure by λ(E) = λ∗(E) for all E ∈ L(Rd).

Remark 4.27. By Carathéodory, L(Rd) is a σ-algebra, and λ is a measure on L.

Question 4.28. Is L(Rd) non-trivial?



Proposition 4.29. If I ⊆ Rd is a cell, then I ∈ L(Rd).

Proof:



Proposition 4.30. L(Rd) ⊇ B(Rd).

Remark 4.31. We will show later that L(Rd) = B(Rd) + N , where N = {A ⊆ Rd | λ∗(A) = 0}.



Here are two results that will be proved later:

Theorem 4.32. L(Rd) � B(Rd). (In fact the cardinality of L(Rd) is larger than that of B(Rd).)

Theorem 4.33. L(Rd) � P(Rd).



Theorem 4.34 (Uniqueness). If µ is any measure on (Rd, B(Rd)) such that µ(I) = λ(I) for all cells, then µ(E) = λ(E) for all
E ∈ B(Rd).

Question 4.35. Let E ⊆ P(X), and suppose µ, ν are two measures which agree on E. Must they agree on σ(E)?





5. Abstract measures
5.1. Dynkin systems.

Question 5.1. Say µ, ν are two measures such that µ = ν on Π ⊆ Σ. Must µ = ν on σ(Π)?

� Clearly need E to be closed under intersections.



Question 5.2. Let Λ = {A ∈ Σ | µ(A) = ν(A)}. Must Λ be a σ-algebra?

� If A, B ∈ Λ, must A ∪ B ∈ Λ?
� If A ⊆ B, A, B ∈ Λ, must B − A ∈ Λ?
� If Ai ⊆ Ai+1 ∈ Λ, must ∪∞

1 Ai ∈ Λ?


