nce).\ For all A C R? aER (A)z)\*(oz—i—A.
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4.2. Carathéodory Extension. Our goal is to start with anWand restrict it to a measure.

Definition 4.19. We say u* is an outer measure on X if:

(1) p*: P(X) = [0, 00], and[p*(0) = 0/

(2) fACB then I (A) W (B).

—>(3) If‘A;Q X (not necessarily disjoint), then p* (U2, A;) < >0y pw*( CCM[W]/\L W}T O\A?U/\J(VVE>

Example 4.20. Any measure is an outer measure.
\Examp e42t: e Lebesgue outer measure is an outer measure.



Theorem 4.22 (Carathéodory extension). Let ¥ = {ECX|p(A)=p (ANE)+p (AN E) YA C X}. Then X is a o-algebra,

and p* is a measure on (X,Y). — — T -
P

Remark 4.23. Clearly p*(A) < p*(ANE) + p* (AN E°) for all £, A.

Intuition: Suppose p* = A*. In order to show p*(A) > pu*(ANE) + p*(AN E°), cover A by cells so that p*(A) > > (1) — ¢
Split this cover into cells that intersect E and cells that intersect E€. If E' is nice, hopefully the overlap is small.

W Fin < AGQWCAQM ¢k B ok o)
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wihes UW‘{U v K(K) = MM qﬂ SN
FeY = E°eX. ff@(\

3) E,Fe€¥ = EUF €X. (Hence

ONE EUrc 7.

LE,e¥ = UTE; €X.)

(A
= (b7 )E) + )A(Af\ W}(\Q M(\(ﬁu;ﬂ (VEED).
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(4) If Eq,...,E, € ¥ are pairwise disjoint, A C X, then\,u* (AN (ULEy)) = > T w (AN E;). 1

M F (A (Rw)) - Flaog) +F‘(m A (hex efg Z>

) 5(\9;?
7l p(M(ﬁu% = ﬁ(M\(EUHQQ f ﬁ( oé}
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Remark 4.24. Note, the above shows|u*(AN (UPE;)) = > w* (AN E;).




Definition 4.25. Define the Lebesgue o-algebra by\E(Rd) = {E| )\ (A) = (AN E)NA* (AN E°) VA C R?}.

Definition 4.26. Define the Lebesgue measure by A(E) = N (E) for all E € L(RY).

Remark 4.27. By Carathéodory, £(R?) is a o-algebra, and \ is a measure on L.
Question 4.28. Is L(R?) non-trivial?



