
Proposition 4.18 (Translation invariance). For all A ⊆ Rd, α ∈ Rd, λ∗(A) = λ∗(α + A).



4.2. Carathéodory Extension. Our goal is to start with an outer measure, and restrict it to a measure.

Definition 4.19. We say µ∗ is an outer measure on X if:
(1) µ∗ : P(X) → [0, ∞], and µ∗(∅) = 0.
(2) If A ⊆ B then µ∗(A) � µ∗(B).
(3) If Ai ⊆ X (not necessarily disjoint), then µ∗(∪∞

i=1Ai) �
�∞

i=1 µ∗(Ai).

Example 4.20. Any measure is an outer measure.

Example 4.21. The Lebesgue outer measure is an outer measure.



Theorem 4.22 (Carathéodory extension). Let Σ def= {E ⊆ X | µ∗(A) = µ∗(A ∩ E) + µ∗(A ∩ Ec) ∀A ⊆ X}. Then Σ is a σ-algebra,
and µ∗ is a measure on (X, Σ).

Remark 4.23. Clearly µ∗(A) � µ∗(A ∩ E) + µ∗(A ∩ Ec) for all E, A.

Intuition: Suppose µ∗ = λ∗. In order to show µ∗(A) � µ∗(A ∩ E) + µ∗(A ∩ Ec), cover A by cells so that µ∗(A) �
�

�(Ik) − ε.
Split this cover into cells that intersect E and cells that intersect Ec. If E is nice, hopefully the overlap is small.





Proof of Theorem 4.22
(1) ∅ ∈ Σ.
(2) E ∈ Σ =⇒ Ec ∈ Σ.
(3) E, F ∈ Σ =⇒ E ∪ F ∈ Σ. (Hence E1, . . . , En ∈ Σ =⇒ ∪n

1 Ei ∈ Σ.)



(4) If E1, . . . , En ∈ Σ are pairwise disjoint, A ⊆ X, then µ∗(A ∩ (∪n
1 Ei)) =

�n
1 µ∗(A ∩ Ei).



(5) Σ is closed under countable disjoint unions, and µ∗ is countably additive on Σ.
Proof: Let E1, E2, . . . , ∈ Σ be pairwise disjoint, and A ⊆ X be arbitrary.



Remark 4.24. Note, the above shows µ∗(A ∩ (∪∞
1 Ei)) =

�∞
1 µ∗(A ∩ Ei).



Definition 4.25. Define the Lebesgue σ-algebra by L(Rd) = {E | λ∗(A) = λ∗(A ∩ E) ∩ λ∗(A ∩ Ec) ∀A ⊆ Rd}.

Definition 4.26. Define the Lebesgue measure by λ(E) = λ∗(E) for all E ∈ L(Rd).

Remark 4.27. By Carathéodory, L(Rd) is a σ-algebra, and λ is a measure on L.

Question 4.28. Is L(Rd) non-trivial?


