Definition 3.14. Let ¥ be a o-algebra on X. We say p is a (positive) measure on (X, X) if:
(1) p: X — [0, 00]
(2) u(®) =0
—3(3) (Countable additivity): E1, Ea,--- € X are (countably many) pairwise disjoint sets, then pu(UU;2, Ei) = > oo u(Es)
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Question 3.17. Fiz xg € X. Let u(A) =1 if xg € A, and 0 otherwise.' Is p a m asure?
Theorem 3.18. There exists a measure A on B(R?) such that \(I) = vol(I) for all cuboids I.

Question 3.15. Is the second assumption necessary?

Question 3.16. Let u(A) = cardinality of A. Is p a measure?




e Goal: Define [, fdu (the Lebesgue integral).

e Idea:
> Say s : X — R is such that s = Ziv a;14,, for some a; € R, A; € 3. (Called simple functions.)
> Define [y sdu = Zf[&,u(Ai). T ( x E 7AY

e Will do this after constructing the Lebesgue measure.

> If f >0, define [ fdp =sup,c; [y sdp. jﬂ&cB

x%ﬂ(.




4. Construction of the Lebesgue Measure if
@/ \a SN >

4.1. Lebesgue Outer Measure. / CQ) (7:) CQ/ {7> )

Definition 4.1. We say I C R is a cell if [ is a finite interval. Define {(I) = sup I — inf I.
———

Definition 4.2. We say I C R? is a cell if it is a product of cells. If I = I; x --- x I, then define ¢(I) = H?Zl 01).

—

Remark 4.3. ((T) = ((I) = ((I).

Remark 4.4. O = [[¥(a,a), and so £(() = 0.

Remark 4.5. For all a € RY, (1) — I +0).

Theorem 4.6. There exists a (unique) measure A on (RY, B(R?)) such that \(I) = £(I) for all cells I.

Question 4.7. How do you extend £ to other sets?



Definition 4.8 (Lebesgue outer measure). Given A C R9, define \*(A) = inf (1) ‘ A C | )1, where I, is a cell ;.

Remark 4.9. Some authors use m* instead of \*.
S~ —~
Remark 4.10. \* is defined on P(R?); but only “well behaved” on a o-algebra.

Question 4.11. What is \*(0)? What is \*(R) ?
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(Proposition 4.12. If E C F, then A*(E) < A*(F).
Proposition 4.13. If By, Es, ...C R%, then \*(UPE;) < Y07 A (E;).
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Proposition 4.14. Let A, B C R%, and suppose d(A, B) >0} Then A*(AUB) = A« (A) + A« (B).

Proof: Only need to show \*(AU B) > \*(A) + M\*(B). If A*(AU B) = oo, we are done, so assume A*(A U B) < o,
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