8.4. Convergence of the Binomial Model.

(1) Let 7y > —1, and consider a bank that pays you interest rn every 1/N time units.
(2) Question: Can we choose ry so that this converges as N — oo.
(

3) Let goN =1, 0N = (1+rn)CY and Cp = Ng&cg&'
Proposition 8.23. Ifr e R, N :@, then@ = ¢t
Remark 8.24. Note 0;Cy; = rC;. The quantity r is known as the continuously compounded interest rate.

Remark 8.25. If the interest rate is a constant r, then the discount factor is simply D; = 1/Cy = e "t.
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(1) Now consider the/ N/period Binomial model, with parameters 0 < dy < 1+ 7y < uy, with stock price denoted by SX.
(2) Each time step for SN denotes M time units in real time. Can we chose uy, dy, 7y such that S; = A}im S’f\]rm exists?
— = — 00

(3) Choose(rn) =1r/N, where r € R is the continuously compounded interest rate.

Theorem 8.26. Let u,d > 0 and choose

r d d -u
=14+ — dn =1 777‘ 5 _ - _ 2 _ 5,2 ~d2.
uN +N+W dv =1+ : @u+d, u+d, 0% = pu? +§

Under the risk neutral measure, the processes SLth converge weakly to St Soe(’"*"Q/Q)t*"Wf, where W is a Brownian motion.
- S

That is, for any bounded continuous function f,

N lim Ef(SN,) = Bgf(S) = Ef(So exp((r _

N—oc0

2 )i+om))

Remark 8.27. S; above is called a Geometric Brownian motion with mean return rat@ and volatility o.

Remark 8.28. The fact that we took the limit under the risk neutral measure is the reason the mean return rate r is the same as the
interest rate 7.

Remark 8.29. In this continuous time market you have the asset (whose price is denoted by , and a bank with continuously
compounded interest rate r (i.e. discount factor is D; = e™"). You can trade continuously in time, and we are neglecting any

transaction costs. M
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Theorem 8.30. Consider a security that pays f(St) at maturity time T. The arbitrage free price of this security at time t is given
by
1 = ~ T
V= 5 Bi(Drf(sr)) = Bi(e "0 f(51))
— t = — .
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DNE DLNij(SLNTJ) Set n = | Nt] and send N — oo. O

n & —

Proof. For the Binomial model we already know VN
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Proof of Theorem 8.26,
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Theorem 8.31 (Black-Scholes formula). In the above market, a European call with matum’ty@md strike K pays (Sp — K)* at
time T. The arbitrage free price of this call at time t is c(t, St), where o

c(t,z) == —t,z)) — Ke 7Tt (T -tz /
(t,0) = eN(ds (T = t,2)) = K N(d-(T - t,2)), o (DF 4%«/1

2

where dy = %(111(%) + <r:|: %)T) , N(z) = \/% /; e V2 gy .

L
P e 1. W 50 = B 51 O o

S, = Soe(r—%)ﬁ?Wt . Sr= Soe(r—é);f”cg‘/l’z7 — Sy = Ste(r—";)fjo(WT—Wﬁ’

[,

Since W — W, is independent of Fy, and S; is F; measurable, by the independence lemma,
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Now set Sy = =, N XW\
— 2 @

di(r0) = U\%(m(f{) Hreg)r). Nw = \/12;/; eV dy = \/12?/_0: eV dy,

n o> iT o\/T t
.80 = BT gD g [ g i)

and observe

c(t,z) = \/% /_:o xexp(_(;T +oVTY — y;> dy—e ""TKN(d-)
_ \/%TT /_j ;Eexp(_(y _;ﬁ)Q) dy — e ""KN(d_) :%N(dg — e ""KN(d_)| O
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