


Lemma 8.16. Let f be a bounded continuous function, fix T > 0. By the Markov property we know Ẽnf(W N
�NT �) = gn(W N

n ) for
some function gn. Set u(t, x) = limN→∞ g�Nt�(x). Then ∂tu + 1

2 ∂2
xu = 0 and u(T, x) = f(x).







Lemma 8.17. Suppose u = u(t, x) satisfies ∂tu + 1
2 ∂2

xu = 0 for t < T and u(T, x) = f(x), then

u(t, x) =
�

R
f(y)GT −t(x − y) dy =

�

R
f(x − y)GT −t(y) dy , where Gt(x) = 1√

2πt
e−x2/2t .









Proof of Proposition 8.14





Definition 8.18. We say a random variable Y is Ft measurable if Y = limn→∞ fn(Wt1 , . . . , Wtn) where ti � t for all i.

Definition 8.19. If Y = f(Wt1 , . . . , Wtn
) for some function f and 0 � t1 · · · < tn, define EtY = lim

N→∞
Ẽ�Nt�f(W N

�Nt1�, . . . , W N
�Ntn�)

Remark 8.20. Etf(WT ) = u(t, Wt), where u is the function in Lemma 8.16.

Proposition 8.21. W is a martingale.


