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7.2. First fundamental theorem of asset pricing.

Definition 7.2. We say the market is arbitrage free if for any self financing portfolio with wealth process X, we have: Xg = 0 and

Xx > 0 implies X = 0 almost surely. e —
Definition 7.3. We say P is a risk neutral measure if P is equivalent to P and E, (D, 1S, ,,) = D,5,, for every i € {0,...,d}.
—_— —— =3

Theorem 7.4. The market defined in Section 7.1 is arbitrage free if and only if there exists a risk neutral measure.

-



emma 7.5. IfE s a risk neutral measure, then the dw of any self financing portfolio is a P-martingale.
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Lemma 7.6. Suppose the market has no arbitrage, and X is the wealth process of a ngortfolio, If for any n, X,, =0
and X,4+1 = 0, then we must have Xn+1msurely. =
L
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Lemma 7.7. Suppose we find an equivalent measure P P such that whenever A, - S,, = 0, we have E,, (A, - Sypy1) =0, then Pisa
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Lemma 7.8. Suppose p is a probability mass function such that p(w) = p1(w1)pe(wi,w2) - Py (Wis- .., wWN). If Xny1 s Fnyr-
measurable, then o ) T =

E ZL+1 an-‘rl n+1(‘/7_2)3 where ﬂlz ( 1K‘J—/ n 7(‘}: (w',%,wn_,_l,...,w]v)
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Lemma 7.9. DeﬁneQd— {v ERMMZ >0Vie{l,...,M}}, and Q= {v e RM |v; >0 Vi e {1,...,M}}. Let V.C R be a
subspace. = T T

(1) VNnQ={0} if and only if there exists i EQ such that |A| =1 andn L V. &—— C’\/\. v=0¥ vE \/ >
(2) The normal vector R is u unique zf and only zf dmLL M —1.

Remark 7.10. This is a special case of the Hyperplane separation theorem lused in convex analysis.
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