7. Fundamental theorems of Asset Pricing

7.1. Markets with multiple risky assets.

. XN ig a probability space representing N rolls of M-sided dies, and p is a probability mass function on .
The Is need notbei.i.d.

Con51der a financial market with d +1 assets ,é@ S Sd” ($E denotes the price of the k-th asset at time n.)

(a) Let T be an adapted process specifying the interest rate at tlme n.

(b) Let Sof—j@ and SO, = (1+ rn)SO ote SU is predictabl

(c) Let D, (SO) 1 bethe discsunt factor (D,, dollars at time 0 becomes 1 dollar at time n).
(6) Let A, (AO ..., A%) be the position at time 7 of an investor in each of the assets (Sn, .., 89).

(7) The we wealth of an investor holding these assets is given by X, —def 2@3
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Definition 7.1. Consider a portfolio whose positions in the assets at time n is A,. We say this portfolio is self-financing if A,, is
e — —_— e e
adapted, and A, - Sp41 = Apg1 - Spy1-
i (A
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7.2. First fundamental theorem of asset pricing
Definition 7.2. We say the We if for any self financing portfolio with wealth process X, we have: @nd
Xn > 0 implies X = 0 almost surely. -

Th—— - ~ ~ . .
Definition 7.3. We say P is a risk neutral measure if|P is equivalent to P and E,(D,11S;,,1) = D,5,, for every i € {0,...,d}
— —_— -~ e —

Theorem 7.4. The market is arbitrage freelif and onlg[/ ift there exists|a\risk neutral measure.

[Proof that existence of a risk neutral measure implies no-arbitrage.
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QED



