


Theorem 6.76 (Snell). Let G be an adapted process, and define V by
VN = GN Vn = max{EnVn+1, Gn} .

Then V is the smallest super-martingale for which Vn � Gn.





Proposition 6.77. If W is any martingale for which Wn � Gn, and for one stopping time τ∗ we have EWτ∗ = EGτ∗ , then we
must have Wτ∗∧n = Vτ∗∧n, and Wτ∗∧n is a martingale.

Theorem 6.78. Let σ∗ = min{n | Vn = Gn}. Then σ∗ is the minimal solution to the optimal stopping problem for G. Namely,
EGσ∗ = maxσ EGσ where the maximum is taken over all finite stopping times σ. Moreover, if EGτ∗ = maxσ EGσ for any other
finite stopping time τ∗, we must have τ∗ � σ∗.

Remark 6.79. By construction Vσ∗∧n is a martingale.







Theorem 6.80. For any k ∈ {0, . . . , N}, let σ∗
k = min{n � k | Vn = Gn}. Then EkGσ∗

k
= maxσk

EkGσk
, where the maximum is

taken over all finite stopping times σk for which σk � k almost surely.



Theorem 6.81. Let V = M − A be the Doob decomposition for V , and define τ∗ = max{n | An = 0}. Then τ∗ is a stopping time
and is the largest solution to the optimal stopping problem for G.

I found a better shorter proof of this without relying
on what I did for American options. I'll present the proof
next class









7. Fundamental theorems of Asset Pricing


