
Theorem 6.62. Consider the binomial model with 0 < d < 1 + r < u, and an American option with intrinsic value G. Define

VN = GN , Vn = max
� 1

Dn
Ẽn(Dn+1Vn+1), Gn

�
, σ∗ = min{n � N | Vn = Gn} .

Then Vn is the arbitrage free price, and σ∗ is the minimal optimal exercise time. Moreover, this option can be replicated.

Remark 6.63. The above is true in any complete, arbitrage free market.

Remark 6.64. In the Binomial model the above simplifies to:

Vn(ω) = max
� 1

1 + r

�
p̃Vn+1(ω�, 1) + q̃Vn+1(ω�, −1)

�
, Gn(ω)

�
, where ω = (ω�, ωn+1, ω��) , ω� = (ω1, . . . , ωn) .



Theorem 6.65. Consider the Binomial model with 0 < d < 1 + r < u, and a state process Y = (Y 1, . . . , Y d) such that Yn+1(ω) =
hn+1(Yn(ω�), ωn+1), where ω� = (ω1, . . . , ωn), ω = (ω�, ωn+1, . . . , ωN ), and h0, h1, . . . , hN are N deterministic functions. Let
g0, . . . , gN be N deterministic functions, let Gk = gk(Yk), and consider an American option with intrinsic value G = (G0, G1, . . . , GN ).
The pre-exercise price of the option at time n is fn(Yn), where

fN (y) = gN (y) for y ∈ Range(YN ) , fn(y) = max
�

gn(y), 1
1 + r

�
p̃fn+1(hn+1(y, u))+q̃fn+1(hn+1(y, d))

��
, for y ∈ Range(Yn) .

The minimal optimal exercise time is σ∗ = min{n | fn(Yn) = gn(Yn)}.


















