
Question 6.46. Say M is a martingale. We know EMn = EM0 for all n. Is this also true for stopping times?



Theorem 6.47 (Doob’s optional sampling theorem). Let τ be a bounded stopping time and M be a martingale. Then EnMτ = Mτ∧n.









Proposition 6.48. Suppose a market admits a risk neutral measure. If X is the wealth of a self-financing portfolio and τ is a
finite stopping time such that X0 = 0, and Xτ � 0, then Xτ = 0.

Remark 6.49. This is simply an alternate proof of Proposition 6.45.





Question 6.50 (Gamblers ruin). Suppose N = ∞. Let Xn be i.i.d. random variables with mean 0, and let Sn =
�n

1 Xk. Let
τ = min{n | Sn = 1}. (It is known that τ < ∞ almost surely.) What is ESτ ? What is limN→∞ ESτ∧N ?




