Proposition 6.42. The wealth of the replicating portfolio (at times before o) is uniquely determined by the recurrence relations:
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If we write w = (W', wp41,wW") with W' = (w1, ...,wy), then we know in the Binomial model we have

Ean+1(w) = Ean+1(w’) = ﬁXnH(w', 1) + an+1(w’, —1) .
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As before, we will use state processes to find practical algorithms to price securities. —
Proposition 6.43. Let Y = (Y*',..., Y% be a d-dimensional process such that for every n we have Yy 11(w) = hny1(Yn(w),wni1)
for some deterministic function hy,1. Let Ay, ..., zilﬂ_ﬁ wz’th AFR?, and define the stopping time g by T T

g =min{n €{0,...,N} Yy, € An}. (({Qu\
Let go, ... gn b@ deterministic functions on R?, and consider a security that pays G, = 95(Yy). The arbitrage free price of this

security iszﬁqf the form m} = fu(Ya)liozny - The functions f,, satisfy the recurrence felation

Inly) = v )
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% &L_(ﬁ) = l{yein}g»n_(g) + % (ﬁfnJrl(thrl(yv 1)) + anJrl(thrl(y, _1)))
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6.4.£pti0nal Sampling.| Consider a &rket with a few risky assets and a bank. CW?[J wﬁJL ‘Y‘-’)

Question 6.44. If there is no arbitrage opportunity at time N, can there be arbitrage opportunities at timen < N ¢ How about at

finite stopping times? { /"’J -
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Proposition 6.45. There is no arbitrage opportunity at time N if and only if there is no arbitrage opportunity at any finite stopping
time. -
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Question 6.46. Mle. We kno@i\/fo for all n. \{s this also true for stopping tima
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Theorem 6.47 (Doob’s optional sampling theorem). Let 7 be a|bounded stoppingl time and M be a martingale. The@ = MTAJ

Nole  DaT EM_ = E M2 o
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