
Proposition 6.42. The wealth of the replicating portfolio (at times before σ) is uniquely determined by the recurrence relations:
XN 1{σ=N} = GN 1{σ=N}

Xn1{σ�n} = Gn1{σ=n} + 1
1 + r

1{σ>n}ẼnXn+1 .

If we write ω = (ω�, ωn+1, ω��) with ω� = (ω1, . . . , ωn), then we know in the Binomial model we have
ẼnXn+1(ω) = ẼnXn+1(ω�) = p̃Xn+1(ω�, 1) + q̃Xn+1(ω�, −1) .



As before, we will use state processes to find practical algorithms to price securities.

Proposition 6.43. Let Y = (Y 1, . . . , Y d) be a d-dimensional process such that for every n we have Yn+1(ω) = hn+1(Yn(ω), ωn+1)
for some deterministic function hn+1. Let A1, . . . , AN ⊆ Rd, with AN Rd, and define the stopping time σ by

σ = min{n ∈ {0, . . . , N} | Yn ∈ An} .

Let g0, . . . gN be N deterministic functions on Rd, and consider a security that pays Gσ = gσ(Yσ). The arbitrage free price of this
security is of the form Vn1{σ�n} = fn(Yn)1{σ�n} . The functions fn satisfy the recurrence relation

fN (y) = gN (y)

fn(y) = 1{y∈An}gn(y) +
1{y /∈An}

1 + r

�
p̃fn+1(hn+1(y, 1)) + q̃fn+1(hn+1(y, −1))

�







6.4. Optional Sampling. Consider a market with a few risky assets and a bank.

Question 6.44. If there is no arbitrage opportunity at time N , can there be arbitrage opportunities at time n � N? How about at
finite stopping times?





Proposition 6.45. There is no arbitrage opportunity at time N if and only if there is no arbitrage opportunity at any finite stopping
time.



Question 6.46. Say M is a martingale. We know EMn = EM0 for all n. Is this also true for stopping times?



Theorem 6.47 (Doob’s optional sampling theorem). Let τ be a bounded stopping time and M be a martingale. Then EnMτ = Mτ∧n.




