6. The multi-period binomial model

e In the multi-period binomial model we assume Sz_z/{-ﬂ}_{iorresponds to a probability space with N i.i.d. coins.
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_C,Z,Sn Wnt1 = i

u and d are called the up and down factors respectively. ~

Without loss, can assume d < u.

Always assume no coins are deterministic: p; = P(w, = 1) >0 and o= 1—p1 = Plw, =-1)>0.

We have access to a bank with interest rate r > —1.

D_;LU ~" be the discount factor ($1 at time n is worth $D,, at time 0.) =——

Theorem 6.1. There exists a (_umgl@e) egyLalguf measure P under which pmcess@zs a martingale if and only if|d d< 1+7r < U.
In this case P is the probability measure obtained by tosszng N d.i.d. coins with -
- B 1+r—d . - u—(1+r

—— = u—d

—

Let u,d > 0, Sy > 0, and define S, 11 =

—

Definition 6.2. An equivalent measure P under which D S )is a martingale is called the risk neutral measure.
— —————

—

emark 6.3. If there are more than one rlsky assets, ST, .- ,:S:k, then we require D,,S:, ..., D,S¥ to all be martingales under the
isk neutral measur e e ——



If he has Shares of stock at time 0, then X; = AgS; + (1 + r)(XO — ApSo)-
We allow the investor to trade at time 1 and hold A, “sharbs—
A; may be random,|but must be Fi-

e Continuing further,

e Both X and A are adapte )
Definition 6.4. A ﬂw is a portfolio whose wealth evolves according to ( XN\ ) e @A}%@@&>

Xnt1 = 4n5n+1 + (1 4+ r) (X, —ALSy),
for some adapted processXA I —

Theorem 6.5. Letd <1 d+r<uw, and P be the risk neutral measure, and X, Tepresent the wealth of a portfolio at time n. The
portfolio is selfﬁnancmg portfolw if andonly if.the discounted wealth D WX, is a martingale under P.
e e

-

Consider i! investor that starts with Xo wealth, which he divides between cash and the stock.

%4 he ?? Woa e

—_—
Remark 6.6. The only thing we will use in this proof is that D,,S,, is a martingale under P. The interest rate r can be a random
adapted process. It is also not special to the binomial model — it works for any model for which there is a risk neutral measure.



Before proving Theorem 6.5, we consider a few consequences:
Theorem 6.7. The multi-period binomial model is arbitrage free if and only if d <1+ 1r < u.

Remark 6.8. The first fundamental theorem of asset pricing states that a risk neutral measure exists if and only if the market is
arbitrage free. (We will prove this in more generality later.)

PO M L el L ox =0
Ko melh b oo e
A-o K, D = 7§ =0
ol e W@\_@WW>
@ﬂ% L 42 e g T P wa M O\/W\r Q[\%z>

pollh
@@@j KK %fje\ %g% %Mﬂ &;Mw‘a,






’gheorem 6. 9/}' Let _<\1—|—_7:_/q and VN be an Fn measurable random variable. Consider a security that pay. VN at maturity
time N For any n < N, the arbitrage f@pmce of this security is given by
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