5.4. Martingales. H’“"/g % 7< = RV ﬁ M AN

Definition 5.30. A stochastic process is a collection of random variables Xo, X1, .. .v,

IDeﬁmtlon 5.31. A stochastic process is adapted if X, 1SW for all n. (Non—ant1c1pating.)
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Question 5.32. Is X,(w) =3, ,, wi adapted? )’Eg Cl’\)( e-l:\ N CGW\JW%S
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Question 5.33. Is X,,(w) = wy, adapted? Is\X, (w) = 15\adapted? \Is X, (w) = wis |adapted? Is X, (w) = wn_; adapted?
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Remark 5.34. We will always el the price of ass v adapted processes. We will also only consider trading strategies which are
adapted. L Q,D
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Ezample 5.35 (Money market). Let Yy = Yp(w) = a € R. Define Y, 41 = (1 + T)Y (Here r is the interest rate.) QAXAH«U]')
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S ( nt1 =1,
. Suppose Q@ = {:I:l}N = {H,T}N = {1 2}V, Let Sp = a € R. Define S,,1(w g ) ntl =
—_— dS wn+1
sed to model stock price in the multi-period Binomial model.) 7—»
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Definition 5.37. \We say an adapted process X, Is a martingale if E, X, 11 = X,,. (Recall E,Y = E(Y | F,.).)

Remark 5.38. Intuition: A martingale is a “fair game”. L/}\j
Question 5.39. If m < n, is B, X, = X,,,? QN\(&% @//%é’/
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Question 5.40. If M is a martingale does EM,, change with n?

My =W, C/:> vusw, o, M = MW\B

"
C( g -
W, = B, (B b £a)
?J@ ) E M%H :/)/k E EM M/\)\H - E M

Y AL %%

weh Z = -
el R R0 > T _EXOHY -2 K ¥ )

WeSL—— nes



Question 5.41. Conversely, if EM,, is constant, is M a martingale? /\> O f [ Cj—O U g'
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Ezample 5.42. Unbiased random walks are martingales.
~niblased random w.
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Exmp1543M e generally, if M, .1 — M, is me nO and independent of F,,, then M is a martingale. ;'},,

Question 5.44. If M is a martingale, mutM+1 M, be independent of F,? ]\)Do M Wﬂ C{%\M
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