
5.4. Martingales.

Definition 5.30. A stochastic process is a collection of random variables X0, X1, . . . , XN .

Definition 5.31. A stochastic process is adapted if Xn is Fn-measurable for all n. (Non-anticipating.)

Question 5.32. Is Xn(ω) =
�

i�n ωi adapted?

Question 5.33. Is Xn(ω) = ωn adapted? Is Xn(ω) = 15 adapted? Is Xn(ω) = ω15 adapted? Is Xn(ω) = ωN−i adapted?

Remark 5.34. We will always model the price of assets by adapted processes. We will also only consider trading strategies which are
adapted.





Example 5.35 (Money market). Let Y0 = Y0(ω) = a ∈ R. Define Yn+1 = (1 + r)Yn. (Here r is the interest rate.)

Example 5.36. Suppose Ω = {±1}N ∼= {H, T}N ∼= {1, 2}N . Let S0 = a ∈ R. Define Sn+1(ω) =
�

uSn(ω) ωn+1 = 1 ,

dSn(ω) ωn+1 = −1 .

Is Sn adapted? (Used to model stock price in the multi-period Binomial model.)



Definition 5.37. We say an adapted process Xn is a martingale if EnXn+1 = Xn. (Recall EnY = E(Y | Fn).)

Remark 5.38. Intuition: A martingale is a “fair game”.

Question 5.39. If m � n, is EmXn = Xm?



Question 5.40. If M is a martingale does EMn change with n?



Question 5.41. Conversely, if EMn is constant, is M a martingale?



Example 5.42. Unbiased random walks are martingales.





Example 5.43. More generally, if Mn+1 − Mn is mean 0 and independent of Fn, then M is a martingale.

Question 5.44. If M is a martingale, must Mn+1 − Mn be independent of Fn?


