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1. Preface.

These are the slides T used while teaching this course in 2020. I projected them (spaced out) in class, and filled in the proofs
by writing over them with a tablet. Both the annotated version of these slides with handwritten proofs, and the compactified
un-annotated version can be found on the class website. The I&TEXsource of these slides is also available on git.



1. Syllabus Overview

Class website and full syllabus: http://www.math.cmu.edu/~gautam/sj/teaching/2020-21/370-dtime-finance
TA’s: Lily Chen <huipingc@andrew.cmu.edu>, Jose Olvera <joseluim@andrew.cmu.edu>.

Homework Due: Every Wednesday, before class (on Gradescope)

Midterms: Week, and Wed Nov 4th, 10th week (self proctored, can be taken any time)

Zoom lectures:
> Please enable video. (It helps me pace lectures).

> Mute your mic when you’re not speaking. Use headphones if possible. Consent to be recorded.

> If I get disconnected, check your email for instructions.

¢ Homework:

> Good quality scans please! Use a scanning app, and not simply take photos. (I use Adobe Scan.)
> 20% penalty if turned in within an hour of the deadline. 100% penalty after that.

> Bottom 20% homework is dropped from your grade (personal emergencies, other deadlines, etc.).
>

>

Collaboration is encouraged. Homework is not a test — ensure you learn from doing the homework.
You must write solutions independently, and can only turn in solutions you fully understand.
o Exams:
> Can be taken at any time on the exam day. Open book. Use of internet allowed.
> Collaboration is forbidden. You may not seek or receive assistance from other people. (Can search forums; but may not post.)
> Self proctored: Zoom call (invite me). Record yourself, and your screen to the cloud.
> Share the recording link; also download a copy and upload it to the designated location immediately after turning in your exam.



e Academic Integrity
> Zero tolerance for violations (automatic R).
> Violations include:
— Not writing up solutions independently and/or plagiarizing solutions
— Turning in solutions you do not understand.
— Seeking, receiving or providing assistance during an exam.
— Discussing the exam on the exam day (24h). Even if you have finished the exam, others may be taking it.
> All violations will be reported to the university, and they may impose additional penalties.
e Grading: 30% homework, 20% each midterm, 30% final.



2. Replication, and Arbitrage Free Pricing N\~

e Start with a financial market consisting of traded assets (stocks, bonds, money market, options, etc.j
e We model the price of these assets through random variables (stochastic processes).
e No Arbitrage Assumption:
> In order to make money, you have to take risk 't make something out of nothing.)
> There doesn’t exist a trading strategy with X >0 and P(X, >0)
e Now consider a non-traded asset Y (e.g. an option). How do you pm

rbztmge Tee priceq Vo is the arbitrage free price of Y if given the opportunity to trade Y at prlce Vo, the market remains
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e How do you compute the arbitrage free price?| Replication:
> Say the non-traded asset pays Vi at time N (e.g. call options).

> Say you can replicate the payoff through a trading strategy Xo, ..., Xn = Vy (using only traded assets).
> Then the arbitrage free price is uniquely determined, and must be Xj.

ngestion 2.1. Is the arbitrage free price always unique? mp\ ?Q ’j o \)N /VAK %M M
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Theorem 2.2. The arbitrage free price is unique if and if there is a replicating strategy! In this case, the arbitrage free price is
exactly the initial capital of the replicating strategy: “”

Proof. We already proved that if a replicating strategy exists then the arbitrage free price is unique. The other direction is harder,
and will be done later.

»‘R D
Question 2.3. If a replicating strategy exists, must it be unique?
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estion3.4. Consd a financial market with a money market account with interest r ter,andastock.LetK>0,Am1__
ontract) requires the holder tbyth stock at price K at matur tytm e N. What is the arbitrage free price at time 07
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4.|Binomia el (one period) & ) 7 D
Say we ha s to a choun‘c with interest|rate r.| The binomial model dictates that the stock price varies as
(

1 mod

ve acces
follows. Let p € (0,1), g =1—p, 0 <d < w (up and down factors). Flip a coin that lands heads with probability p, and tails with
probability ¢. When the coin lands heads ricel changes by the factor u, and when it lands tails it changes by the factor p.
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Question 4.1. \When is there arbitrage in this market?




Qu stion 4.2. [f a
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Question 4.3. What’s an N period version of this model? Do ’ghav the \same formulae?
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ersion of this model? Do we have the same formulae?
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5. Probability spaces, in our context
Let N € N be large (typically the maturity time of financial securities). / }%\(@
Definition 5.1. The Sample space is the set Q = {(w1,...,wn) |eac epresents the outcome of aM}
P ——

> E.g wi € {HT}, orw; € {1}

> Coins don’t have to be identical: Pick My, Ma, ..., € N, and can require w; € {1,..., M;}.
Definition 5.2. A sample point is a point w = (wy,...,wN) € Q%@'\

——
Definition 5.3. A probability mass function is a function p: 2 — [0, 1] such tha‘c‘?weQ p(w) =1.
4 |

Definition 5.4. An event is a subset of Q. Define P(A) =3 _ ,p(w).
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5.1. Independence.
Definition 5.5. Two events are independent if‘P(A N B)=P(A)P(B).
Question 5.6. What does it mean for the even‘ts 1 ,
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Definition 5.9. The expectation of a random variable X is =

(¥.———
Definition 5.10. The ance is E(X —
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Definition 5.11. [Two random variables are independent {if P(X =z, Y = y) P(X 2)P(Y =y) for all z,y € R.
Question 5.12. | What does it mean for the random variables X1, ..., X,
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Definition 5.11. Two random variables are independent if P(X =z, Y =y) = P(X =z)P(Y =y) for all z,y € R.
uestion 5.12. What does it mean for the random variables X1, ..., X, to be independent?
AN~ S —

Question 5.13. Are uncorrelated random variables independent?
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Theorem 5.14. The random variables X1, ..., X, are independent if and only if for all x4, ..., T, € R we have
Te—_—
—~> P(Xi) =z, Xo=12,..., X, =1z,) :‘,IJ(Xl =21)P(Xo = 23)--- P(X, = x,) . (%} b -~ ‘C,V\QR
-~—0w  —
Corollary 5.15. Suppose for simplicity all coin tosses have M outcomes (i.e. w; € {1,..., M?}). Let p be a probability mass function.
The coin tosses are all independent, if and only if, there exists functions p1, ..., pn such that p(w) = p1(w1)p2(wa) - py(WN).
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5.2. Filtrations and adapted processes.. / )

e Let Ne N, dy,...,dy €N, Q—{, s ]}, {1 d,b}x {1,...,dN}. C%IW‘Q\A/
oThatisQ_=L|w—wuLv) &E{l d}}

e d,, = 2 for all n corresponds to flipping a two 51ded coin at every time step.

A dz;zi@

Definition 5.16. We define a filtration on ) as follows: C[ 0&\3
> Fo = {0,Q}.
> all events that can be described by only the first coin toss (die roll). E.g. A= {w|wi = H} € Fi.

= all events that can be described by only the first n coin tosses. ( ; I e
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Definition 5.18. We say a random vari

noneasurable if X (w) only depends on wy, ..., wy.
> Equivalently, for any B C R, the event [{

X € B}

Question 5.19. Let|X (w) = w; — 10w,

f%é ", \1

For what n is F,,-measurable?
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| 5.3. Conditi ctation.

Definition 5.20. Let X be a random variable, and n < N. We define E(X | F,,) = E,X to be the random variable given by

> peNX@)E

— EnX(uzj) = wlen”% o) , where
p(w
W T () <

Remark 5.21. is the “best approximation” of X given only the ﬁrq{ ;;llpoin tosses.

Remark 5.22. The above formula does not generalize well to infinite probability spaces. We will develop a definition that does
generalize; after we have that definition we will never ever ever use this formula.
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Remark 5:23. The conditional expectatio@eﬁned by the above formula satisfies the following two properties:
(LY E,X is an F,-me :
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Proof of (2):
f Ae ]-' then there exist w ..... w” € Q such that A is the dzsyomt union o H (wh,..., I, (wk).
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(3) Hence Z E, X (w)p(w) = Z Z E, X (w)pw) = Z Z X(w)p(w) = Z X(w)p(w).



5.24. Let X be a random variable, and n < N. We define the conditional expectation of X given@deno‘ced by E, X,
| to be the unique random variable such that:

- v g 0= 7
Remark 5.25. This is the definition that generalizes to the continuous case. All properties we develop on conditional expectations
will only use the above definition, and not the explicit formula.



Remark 5.26 (Uniqueness). If Y and Z are two F,-measurable random variables such that > ., Y (w)p(w) = > o4 Z(w)p(w) for
every A € F,, then we must have P(Y = Z) = 1.



E(X | F,), to be the unique [random v

( ijEﬂLls a Jp-measurable random variable. E X =
«F(Z) For every A C F,, we have Yowen EnX(W)p(w) =3 c 4 X(w)p(w). L‘ng e X N

Definition 5.24. Let X be a random variable, an N. We define the conditional expectation of X given ]—'n,l denoted b
or @ such that:
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¢ random variables such that ) _, Y(w)p(w) = > 4 Z(w)p(w) for
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Theorem 5.27. (1) If X.Y a d R, then E, (X +aY) = E, X + «E,Y. (On homework).
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e,)and Y _is any random variable, then%) = XEnY.w
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Theorem528 If X i @f}' then E,X = EXC(}(M{/
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Theorem 5.29 (Independence lemma). If X is independent of F,, and Y is F,-measurable, and f: R — R is a function then

E,.f(X,Y)= Zf zi, Y)P(X = x;), where {x1,...,xm} = X(Q).



5.4. Martingales. H’“"/g % 7< = RV ﬁ M AN

Definition 5.30. A stochastic process is a collection of random variables Xo, X1, .. .v,

IDeﬁmtlon 5.31. A stochastic process is adapted if X, 1SW for all n. (Non—ant1c1pating.)
i = ) : % . < .
Question 5.32. Is X,(w) =3, ,, wi adapted? )’Eg Cl’\)( e-l:\ N CGW\JW%S

——
Question 5.33. Is X,,(w) = wy, adapted? Is\X, (w) = 15\adapted? \Is X, (w) = wis |adapted? Is X, (w) = wn_; adapted?

W’q
Remark 5.34. We will always el the price of ass v adapted processes. We will also only consider trading strategies which are
adapted. L Q,D
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Ezample 5.35 (Money market). Let Yy = Yp(w) = a € R. Define Y, 41 = (1 + T)Y (Here r is the interest rate.) QAXAH«U]')

e

Ezamp

S ( nt1 =1,
. Suppose Q@ = {:I:l}N = {H,T}N = {1 2}V, Let Sp = a € R. Define S,,1(w g ) ntl =
—_— dS wn+1
sed to model stock price in the multi-period Binomial model.) 7—»
“



Definition 5.37. \We say an adapted process X, Is a martingale if E, X, 11 = X,,. (Recall E,Y = E(Y | F,.).)

Remark 5.38. Intuition: A martingale is a “fair game”. L/}\j
Question 5.39. If m < n, is B, X, = X,,,? QN\(&% @//%é’/
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Question 5.40. If M is a martingale does EM,, change with n?
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Question 5.41. Conversely, if EM,, is constant, is M a martingale? /\> O f [ Cj—O U g'
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Ezample 5.42. Unbiased random walks are martingales.
~niblased random w.
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Exmp1543M e generally, if M, .1 — M, is me nO and independent of F,,, then M is a martingale. ;'},,

Question 5.44. If M is a martingale, mutM+1 M, be independent of F,? ]\)Do M Wﬂ C{%\M
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5.5. Change of measure.
o Let p: Q — [0,1] be a probability mass function on Q, and P(A) = ., p(w) be the probability measure.

° Le — [0, 1] be another probability mass function, and define a sec]ond probability measure P by P(A) = Y wea D(w).

- Y _
Definition 5.47. We say P and P are\equivalents if for every A € Fn, P(A) =0 if and only if P(A) = 0.
———— e —_—— N — —
Remark 5.48. When Q is finite, P and P are equivalent if and only if we have p(w) =0 <= p(w) = 0 for all w € Q.
—_— A~ —_— =

We let E E,, denote the expectation and conditional expectations with respect to P respectively.
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Ezample 5.49. Lets_(l_(be the sample space corresponding to [V i.i.d. fair coins (heads is 1, tails is =1). Let a € R and define
Xpp1(w) = X (w) + Wni1 + @ For what a is there an equivalent measure P such that X is a mart1nga1e7 T
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Ezample 5.50. Suppose now P(w, =1) =pand P(w, ==1)=¢g=1—p. Let u,d > 0, r > —1. Let Sp11(w) = uS,(w) if w41 =1,
and Sp4+1(w) = dS,(w) if w1 = —1. Let D,, = (1 4+ 7)™ be the “discount factor”. Find an equivalent measure under which D,,S,,
is a martingale. ya
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Ezample 5. 50 Suppose now P(w, =1) =pand P(w, = —1)=¢=1-p Let u,d >0, 7> —1. Let Sp41(w) = uSn(w) if wpy1 =1,
and Snil w) ) if wppr = —1. Let D, = (1 + r) “ he the ¢ dlscount factor”. Find an equivalent measure “ander which D, Sy
is a martmgale I —
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6. The multi-period binomial model

Ezample 6.1 (Binomial model revisited). Assume Q = {+1}¥. Let u,d > 0, Sy > 0. Define S,,,; =
dSn Wn4+1 = _/1-k

{HSH w1 =1,

e y and d are called the up and down factors respectively.

e Without loss, can assume d < u.

e Always assume no coins are deterministic: pP(w, =1) >0and ¢=1—-p = P(w, = —1) > 0.
e Let r>-1 be the interest rate, and D,, = (Il + 7)™ be the discjunt factor.

Theorem 6.2. There exists a (unique) equivalent measure P under which processi}—Dn/Sn is a martingale if and only if d < 147 < u.
In this case P is given by: — —

_ o 14r—d - o u—(1+r7)
P :1 = = — P 7:—1 - -
(@n=1) b u—d ’ (n =1 u—d

Definition 6.3. An equivalent measure P under which D,,S,, is a martingale is called the)m’sk neutral measure.
= _—

Remark 6.4. If there are more than one risky assets, S*, ..., S¥, then we require D,S!, ..., D, S¥ to all be martingales under the

—=

risk neutral measure P.
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e Consider an investor that starts with@wealth which he divides between cash and the stock.
e If he has Aq shares of stock at time 0,

en &: 9105’1 +<1—|—T)(X0—A()SO .
. @a:‘llowm investor to trade at time 1 and hold 1 shares. L‘y/g

o( Ay may be random, but must-be-F—measurable.
e Continuing further, we sed
e Both X and A are adapted-processes

Theorem 6.5. [The discounted wealth |D,, X,|is a martingale under

Remark 6.6. The only thing we will use in this proof is that D,,S,, is a martingale under P. The interest rate r can be a random
adapted process. It is also not special to the binomial model — it works for any model for which there is a risk neutral measure.



6. The multi-period binomial model

e In the multi-period binomial model we assume Sz_z/{-ﬂ}_{iorresponds to a probability space with N i.i.d. coins.
\gSn Wn+1 :_1,7

_C,Z,Sn Wnt1 = i

u and d are called the up and down factors respectively. ~

Without loss, can assume d < u.

Always assume no coins are deterministic: p; = P(w, = 1) >0 and o= 1—p1 = Plw, =-1)>0.

We have access to a bank with interest rate r > —1.

D_;LU ~" be the discount factor ($1 at time n is worth $D,, at time 0.) =——

Theorem 6.1. There exists a (_umgl@e) egyLalguf measure P under which pmcess@zs a martingale if and only if|d d< 1+7r < U.
In this case P is the probability measure obtained by tosszng N d.i.d. coins with -
- B 1+r—d . - u—(1+r

—— = u—d

—

Let u,d > 0, Sy > 0, and define S, 11 =

—

Definition 6.2. An equivalent measure P under which D S )is a martingale is called the risk neutral measure.
— —————

—

emark 6.3. If there are more than one rlsky assets, ST, .- ,:S:k, then we require D,,S:, ..., D,S¥ to all be martingales under the
isk neutral measur e e ——



If he has Shares of stock at time 0, then X; = AgS; + (1 + r)(XO — ApSo)-
We allow the investor to trade at time 1 and hold A, “sharbs—
A; may be random,|but must be Fi-

e Continuing further,

e Both X and A are adapte )
Definition 6.4. A ﬂw is a portfolio whose wealth evolves according to ( XN\ ) e @A}%@@&>

Xnt1 = 4n5n+1 + (1 4+ r) (X, —ALSy),
for some adapted processXA I —

Theorem 6.5. Letd <1 d+r<uw, and P be the risk neutral measure, and X, Tepresent the wealth of a portfolio at time n. The
portfolio is selfﬁnancmg portfolw if andonly if.the discounted wealth D WX, is a martingale under P.
e e

-

Consider i! investor that starts with Xo wealth, which he divides between cash and the stock.

%4 he ?? Woa e

—_—
Remark 6.6. The only thing we will use in this proof is that D,,S,, is a martingale under P. The interest rate r can be a random
adapted process. It is also not special to the binomial model — it works for any model for which there is a risk neutral measure.



Before proving Theorem 6.5, we consider a few consequences:
Theorem 6.7. The multi-period binomial model is arbitrage free if and only if d <1+ 1r < u.

Remark 6.8. The first fundamental theorem of asset pricing states that a risk neutral measure exists if and only if the market is
arbitrage free. (We will prove this in more generality later.)
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’gheorem 6. 9/}' Let _<\1—|—_7:_/q and VN be an Fn measurable random variable. Consider a security that pay. VN at maturity
time N For any n < N, the arbitrage f@pmce of this security is given by
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Theorem 6.9. Let d <1+ 1 <wu, and Vy be an Fn measurable random variable. Consider urity tha tp Ys VN at maturity

time N. For any n < N, the arbitrage free price of this security is given by
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A W= W)k, - Wy)
Remark 6.10. The replicating strategy can be found by backward induction. Let w = (w’,wp41,w”). Then
— —_ VT L) e

Vi1 (W',1,0") = Vi (W', =1,0") Vg (W',1) = Vi (W', —1)
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Proof of Theoreart 1. Suppose X, is the wealth of a self-financing portfolio. Need to show D, X,, is a martingale under P.
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Proof of Theorem 6.5 part 2. Mmm to show)Xn 13@
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7. State processes. e "\) A y Dead< o< .

Question 7.1. Consider the \N-period binomial model,| and a security with payo[fLet X, be the arbitrage free price at time
n < N, and Ay, be the number of shares in the replicaling portfolio. Wfor alln < N2 How much

is the computatwnal time?

M — ((Hv)

v -4 oV
O ¥ P [y
L ?(m = 7% A ‘FQ) )c?\[v [Rrom)
Ry =V, (%, = PP - el ] = ?@AJVD

N

(D”\Xv on ?Wﬁ (D«/\:U(Hﬁ‘ 3
(QMHXW\\



Y

= )&m/' i N

IR

Xy = Auld) (@w\w K le M’ e By ()M>
b SIS MA)F oJ% AR wO
X @J> X WoW,, ~\w> = QXM% W50,y - 5 ‘V\Tl\>

{ o
i,
G | ) M{ K (801~ Wy 4) 4 7 M( \)%”M"bl

r’)"??










B M&k >
heorem 7.2. Suppose a security pays Vy = g(SN) at maturity N for some|(non-random) functwn g Then the arbitrage free
pmceattzmen<N@s?%7§nbyV—fn n,m S

(1) [n(zx)
(2) fn( )— (an+1 u) +qfn+1 dac ) for x € Range(S

Remark 7 3. Reduces the computational time fron% o(2M) )to o>, |Eange Sh §| //’N;I;) for the Binomial model.

Remark 7.4. Can solve this to get f,(z) = Z < . )fN(xude nk)
s
5 X, - %Macm (e § o1 = M

R g X, = M,,\( (10,7 0, *1) OVX \>>
L) wa'«v«r@

x € Range(Sy).
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Theorem 7.2.. Suppose a security pays VN ggASN ‘at maturity N for some (non-random) function g. Then the arbitrage free
price at tim N is given by V, = fn(S g where:

(1) I(a) = W) for 2.€ Ronge().
(2) 1a(0) = 1= (0 () + e (d) for & <[Range(s,).

—

Remark 7.3. Reduces the computational time from OQ,ID to O Zév |Range(S )|) = O(N?) for the Binomial model.
R——/ —_—
Non NN VR~ N- -k
Remark 7.4. Can solve this to get fn( )= Z <N )fN(xude n=k) "> w
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Question 7.5. How do we handle other securities?wmm (of the form g(z(])v Sk))?
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Definition 7.6. We say a process X X is alf P(X Xni1 = an | X1 =21,..., X =2,) = P(X 1= Tni1 |)@)
\_\_—__’/‘ ——=
Theorem 7. cess X is Markov if and only if for every ( bounded, contmuous) function f, there exists a functzon g such that

Enf(Xnt1) = 9(Xn). : j
Question 7.8. IfX represents i.i.d. coin tosses, is(X, Markov IS[Y >0 Xi Markov?
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Question 7.9. Is S, (stock in the Binomial model) Markov under P I@ Markov under P?
N Wy |
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Question 7.10. Is (S,, A,) Markov? Q/L\”U\«Q S /LO \) )



efinition 7.11. We say a d-dimensional process Wd) process is a|state process if for any security with maturity
N, and payoff of the form V,,, = f,,(Y,) for some (non-random) function f,,, the arbitrage free price must also be of the form
= fu(Yy) for some (non-random) function f,. Ctv\é /VVL>

R . For state processes given fy, we find f,, by backward induction. The number of computations at time n is of order
Range(Y,,). — - S

Remark 7.13. The fact thatéSn Es Markov (under P) implies that it is a state process. Q%Wwﬂ}\ Q/\/\@u D QC - < i
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Definition 7.11. We say a d-dimensional process ¥ = (Y1,...,Y9) process is a %m if for any security with rgaitﬂy
@< N, and payoff of the form V,,, = f,,,(Y,) for some (non-random) function f,, the awe must also be of the form
V,, = fn(Y;,) for some (non-random) function f,,. 7”

———_
or state processes given fy, we find f, by backward induction. The number of computations at time n is of order

Rem

ange(Y,,).
Remark 7.13. Thg fact that w@ (under P)\implies that it is a state process. @&49’ J'VV”\Z,> »
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Theorem 7.14. Let Y = (Y1, ..., ) be ddmn d-dimensional process. Suppose we can find functions g1, ..., gn such that Y41 (w) =
Int+1(Yn(w),wnt1). Then Y is ttp
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Question 7.15. &/ %é ( LM/aL

Question 7.16. |Is Y, = = MaXk<n S,._a state process? /\) O

Question 7.17. 'Is Y = Sn,maxk<n Sn) a state process? . { ‘
¢e,,

“W
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n <
Question 7.18. Let A, = > Sk. Is A, a state process? 0 D |
Question 7.19. IsY, = (@2 a state process? J—— T
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6.3. Options with random maturity. Consider the|N |Jperiod binomial model with 0 < d <1+ r < u.
FEzample 6.30 KUp-and—reb:a_tQ option). Letw 0. The up-and-rebate option pays thehemme stock
price exceeds U (up to maturity time N), and nothing otherwise. Explicitly, let 7 : <N |S, > U}, andlet 0 = 7/A)N. The

umoptions pays Al.¢n at the random time o. { -

Remaf 031, By comventionfmin® = o] U & el N e
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Definition 6.32. We say (.nu om V&Ii&bl@S a stopping time if:

N
(1) 7: 2 {0...., N} oo )

~2(2) For all n < N, the e
>(2) Foralln < N
Remark 6.33. We say|T is a finite stopping/time if |7 < oco|almost surely.

Remark 6.34. The second condition above is equivalent to requiring {Tr = n} € F,, for all n.




vy






Question 6.38. If o and T are stopping times, is@topping time? How abo @ 7@4 CM M>
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nite stopping time.

-)at the random time@ QT = %% ﬂ?@ — MZ él"'\,

Le@e an adapted process, ane

Consider a derivative security that pays

Remark 6.41. The only thing required
and only if D, X,, is a P martingale.
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Let G be an adapted process, andEbe a finite stopping time. é@. C@> \ C@)
= -

Consider a derivative security that pays G, at the random time o. (\\(6\))
N
Note Gy = ), :Gnks—4.
Let (Xo, (A,,)) be a self-financing portfolio, and@t time n be the wealth of this portfolio at time n.
— - T

Definition 6.39. A self-financing portfolio with wealth process X is a replicating strategy if \:CA};

Theorem 6.40. The security with payo(at the stopping time o) can be replicated. The arbitrage free price is given by
R = — -

—=  Xaligpny = (DgGoligzny) e
Remark 6.41. The only thing required for the proof of Theorem 6.40 is the fact that Xmm of a self-financing portfolio if
and only if D Xn is a P martingale.
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Proposition 6.42. The wealth of the replicatin

times before o) is uniquely determined by the recurrence relations:

Anlo=n} = Gn1l{o=n) .
>} X1 Grl 1 ;\E\er é"‘/
1 n > — Up = + — Cin Ant1. °
()7 Xaliozn) = Galiomny + T tieon B
If we write w = (W', wn11,w") with W' = (w1,...,wn), then we know in the Binomial model we have
L - -

EoXni1(g) = BnXp1 (@) = pXn1 (@', 1) + X np1 (W', =1).
,—Vﬁ _ —

—
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Proposition 6.42. The wealth of the replicating portfolio (at times before o) is uniquely determined by the recurrence relations:

Xnlo=ny} = GNl{o=n) =
e P—— 1 g 5
( Xnliozny = Gnlio=ny + 7 Hoonp EnXnir -

+r =

If we write w = (W', wp41,wW") with W' = (w1, ...,wy), then we know in the Binomial model we have

Ean+1(w) = Ean+1(w’) = ﬁXnH(w', 1) + an+1(w’, —1) .
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As before, we will use state processes to find practical algorithms to price securities. —
Proposition 6.43. Let Y = (Y*',..., Y% be a d-dimensional process such that for every n we have Yy 11(w) = hny1(Yn(w),wni1)
for some deterministic function hy,1. Let Ay, ..., zilﬂ_ﬁ wz’th AFR?, and define the stopping time g by T T

g =min{n €{0,...,N} Yy, € An}. (({Qu\
Let go, ... gn b@ deterministic functions on R?, and consider a security that pays G, = 95(Yy). The arbitrage free price of this

security iszﬁqf the form m} = fu(Ya)liozny - The functions f,, satisfy the recurrence felation

Inly) = v )
T 1
% &L_(ﬁ) = l{yein}g»n_(g) + % (ﬁfnJrl(thrl(yv 1)) + anJrl(thrl(y, _1)))
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6.4.£pti0nal Sampling.| Consider a &rket with a few risky assets and a bank. CW?[J wﬁJL ‘Y‘-’)

Question 6.44. If there is no arbitrage opportunity at time N, can there be arbitrage opportunities at timen < N ¢ How about at

finite stopping times? { /"’J -
S T
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Proposition 6.45. There is no arbitrage opportunity at time N if and only if there is no arbitrage opportunity at any finite stopping
time. -
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Question 6.46. Mle. We kno@i\/fo for all n. \{s this also true for stopping tima
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Theorem 6.47 (Doob’s optional sampling theorem). Let 7 be a|bounded stoppingl time and M be a martingale. The@ = MTAJ
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Question 6.46. Say M is a martingale. We know El@:@ﬂ)r all n. Is this also true for stopping times?
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Theorem 6.47 (b)oob’s optional sampling theorem)\ Let 7 be a bounded stopping time and M be a martingale. Then E,M; = M p,.
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Proposition 6.48. Suppose a_market admits aswm If X is the wealth of a self-financing portfolio an@s a
. . ) i%j: N — —
W time such that Xo =0, |and X, > 0, then X, (wc}
\
( RN

Remark 6.49. This is simply an alternate proof of Proposition 6.45.
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6.5. American Options. An American option is an option that can be exercised at any time ichosen by the holder.
NN— _

Definition 6.51. Let Go,G1,...,Gy be an adapted process. An American option with ZJ_LMS a security that pays
any finite stopping time o chosen by the holder.

“rample 6.52. An American put with strike@s an American option with intrinsic value (K — Sn)f/p\

Question 6.53. How do we price an American option? How do we decide when to exercise it? What does it mean to replicate it?
- e e~




LStrategy I: Let o be a finite stopping time, and consider an option with (random) maturity time o and payoff G,. Let Vi denote
the arbitrage free price of this option. The arbitrage free price of the American option should be Vy = max Vi, where the maximum

is taken over all finite stopping times o.

=\ = Max = \J
Definition 6.54. The |optimal exercise timelis a stopping tlm@chat max1mlzeover all finite stopping times.

Definition 6.55. An optimal exercise time o* is called{ minimal|if for every optimal exercise time 7* we have o* < 7*.

- -

Remark 6.56. The optimal exercise time need not be unique. (The {minimal optimal exercisé time is certainly unique.)
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Question 6.57. Does this replicate an American option? |Say o*_is the optimal exercise Mand we create a replicating portfolio
(with wealth proces for the option with payo, ‘@ at timeSuppose an investor cashes out the American option at time 7.
N



{Stmtegy 1I: Replication. Suppose we have sold an American optio With\ intrinsic value G to an investor. Using that, we hedge our
position n the market/bank, and let (X ;jbe the our wealth at time n.

1 Need\ X, > G?or all finite stopping times o. (Or equlvalently Xn > G for all n.)
) For (at-least) one stopping tlmeneed Xor = G

The arbltrage free price of this option is Xj.
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Proposition 6.58. In the binomial model with 0 < d < 1 4+ r < u,|we must have | Xy

= max{Vy | o is a finite stopping time }.

Remark 6.59. The above is true in any complete, arbitrage free market.
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Question 6.60. \{s the wealth of the replicating portfolio (for an American option) uniquely determined?
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Question 6.60. Is the wealth of the replicating portfolio (for an American option) uniquely determined?
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Question 6.61. How do you find the minimal optimal exercise time, and the arbitrage free price? Let’s take a simple example first.

&y @wé 5 ba o %% QM%MA v =0, /;j_/g\j: g

o e b @Jv% 1514 e o
w0

: o b7 e 4



Theorem 6.62. Consider an American option with intrinsic value G. Define 67 = C@O 5 G‘ e é:/q )
1 -
VN =Gy, Vn:maX{D—En(DnHVnH),Gn}, o" =min{n< N |V, =G,}.

L —
= n -

Then V,, is the arbitrage free price, and c* is the minimal optimal exercise time.

—
Remark 6.63. For the binomial model with 0 < d < 1+ r < u the above simplifies to
1
Vn}”(w) = max{ 1+r (,ﬁVn-‘rl(w/a l) + qvni;(w/v _é1)> ) Gn(w)} ) where w = (W,awn-l—law//) , W= (Wi e e ey wn) -
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Theorem 6.62. Consider the binomial model with 0 < d < 1+1r < u, and an AWMM intrinsic value G. Define
1 - -
— Vv =Gy, vV, = max{ En(Dn+1Vn+1) G }, 0‘ = mln{n N | V G }
—! = =

= ant'

Then V is the arbitrage free price, amé a is the mzmmal optzmal exercise time. Moreover, thzs option can be replicated.
A e
R k6.63. The ab t let bt f ket.
emar e above is true in any complete, ar bitrage free marke

Remark 6.64. In the Binomial model the above simplifies to:
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Theorem 6.62. Consider the binomial model with 0 < d <141 < u, and an American option with intrinsic value G. Define
pabtuahnl =

=

Then V,, is the arbitrage free price, and o* is the minimal optimal exercise time. Moreover, this option can be replicated.

1 -

- = T = =
Remark 6.63. The above is true in any complete, arbitrage free market.
Remark 6.64. In the Binomial model the above simplifies to:

Vo(w) = max{ (ﬁVnH(w', 1)+ GVpi1 (W', —1)>,Gn(w)} , where w = (W', wp41,w"), W= (Wi,...,wn).
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Theorem 6.65. Consider the Binomial-model with 0 <wand aLstate process Y = (YL,...,Y4) such that V.1 (w) =
i) ”’!“;t‘—v*

hn+1(}:€n:(w) Wnt1), where W' = (w1,...,wy), w = (W, wWpt1,...,wN), and ho,hy, . N are N—;determmzstzc functions. Let

90 ----gn be N deterministic functions, letﬁ\lC = 9x(Y%), and consider an American optz'on with intrinsic value G = (Go, G, . . GN)
The pre-exercise price of the option at time n is fn(i), where
W _— 1 4 ’)
fx@) =) fory € Range(Yy),  fulw) = max{ga0) 7 (B (s (004 (a0} for y € Range(Yy) .
T _— N— = -
The minimal optzmal ezercise time is 0 = min{n | f,(Ys) = gn(Yn)}
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\Theorem 6.66.' Let g be'a

g convez function wzth)g; 0) = 0) and let G,, = g(Sy,). Consider an American option with intrinsic value
G, = g(Sn). You should ise this opti ly. ; — X .
9(Sn). You should never emercise this option early. ——— e N «w%)wlj dund g
Corollary 6.67. The arbitrage free price of an American call and FEuropean call are the same. ’L
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6.6. Doob Decomposition and Optimal Stopping.

Theorem 6.68 (Doob decomposition). Any adapted process can be|uniquely expressed as the sum of a martingale and a predictable
process. iy AJFO\—/— -

Ky ™ MW s (X, i B ww )
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6.6. Doob Decomposition and Optimal Stopping.

Theorem 6.68 (Doob decomposition). Any adapted process can be uniquely expressed as the sum of a martingale and a predictable
process that starts at 0. That is, if X is an adapted process there exists a unique pair of process M, A such that M is a martingale,
A is predictable, Ao =0and X = M + A.
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Definition 6.69. We say an adapted process M is a sypeiw’g%if E, M,+1 < M,. C% [N Q,%,V M/\ﬁ>

Definition 6.70. We say an adapted process M is a sub-martingale if E, M, 11 = M,.

Ezxample 6.71. The discounted arbitrage free price of an American option is a super-martingale under the risk neutral measure.
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Proposition 6.72. If X isa W then there exists a unique martingale M_and increasing predictable process A such
that X = M — A.

Proposition 6.73. If X is a sub- martmgale then there exists a unique martingale M and increasing predictable process A such

that X = M—|—A (Q[Wiov w7 7aM cl\a/@&>
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Corollary 6.74. If X is a super-martingale and T is a bounded stopping time, then E, X; < X an.
EL © L b0 W PUBINOCR S2OPPVS T AT

Corollary 6.75. If X is a sub-martingale and 7 is a bounded stopping time, then E, X, > X an-

=







Theorem 6.76 (Snell). Let G be an adapted process, and define V by

VN = GN Vn = max{EnV,H_l, Gn} .
e

Then V' is the smallest super-martingale for which V, > G,,.












Theorem 6.76 (Snell). Letgi_be an adapted process, and define V by

Vv =Gy Vo=max{BE, Vi1, o} Q% = m).
Then V is the smallest SW for which Vn > Gy,
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{Proposmlon 6.77. If W is any mg%e for which W, > n, and for one stopping tzme 7‘ we have EW .« = EG,~, then we

must have Wosnp = Visan, and W« ap s a martingale. (V — éw: ;tl JUW\/Q 0% é\
Theorem 6.78. Let ¢* = min{n | Vo = Gyn}. Then o* is the minimal solution to t. timal st plng lem for G. Namely,
| Gor = max, EG, where the mazimum is taken over all finite stopping times o. Moreover if EG.«~ = max, EG, for any other

nite stopping time 7*, we must have T* > o*. T (?é e % Comg L€ R M %J ( Wt s %W@}%@M Z&)

Remark 6.79. By construction V,« A, is a martingale.
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|jhe0rem 6.80. For any k € {0,...,N}, let o = min{n > k [V, = G,}. Then EyGo; = max,, EyG,,, where the mazimum is
i

aken over all finite stoppmg times oy, for which oy > k almost surely L/\/_\)C@
e,
vf\/




Theorem 6.81. Let V =M — A be the Doob decomposition for V., and deﬁne 7‘ = max{n | A, = =0}. Then T is a stopping time
and is the largest solution to the optimal stopping problem for G —_——— A —

U0 5 oHg b b A b & e (240
B el = (h ol e b (ra eadll),

| found a better shorter proof of this without relying
on what | did for American options. I'll present the proof
next class













7. Fundamental theorems of Asset Pricing
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Theorem 6.81. Let V = M — A be the Doob decomposition for V', and define 7* = max{n | A,, = 0}. Then topping tim
and is the largest solution to the optimal stopping problem for G. -
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7. Fundamental theorems of Asset Pricing

7.1. Markets with multiple risky assets.

. XN ig a probability space representing N rolls of M-sided dies, and p is a probability mass function on .
The Is need notbei.i.d.

Con51der a financial market with d +1 assets ,é@ S Sd” ($E denotes the price of the k-th asset at time n.)

(a) Let T be an adapted process specifying the interest rate at tlme n.

(b) Let Sof—j@ and SO, = (1+ rn)SO ote SU is predictabl

(c) Let D, (SO) 1 bethe discsunt factor (D,, dollars at time 0 becomes 1 dollar at time n).
(6) Let A, (AO ..., A%) be the position at time 7 of an investor in each of the assets (Sn, .., 89).

(7) The we wealth of an investor holding these assets is given by X, —def 2@3
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Definition 7.1. Consider a portfolio whose positions in the assets at time n is A,. We say this portfolio is self-financing if A,, is
e — —_— e e
adapted, and A, - Sp41 = Apg1 - Spy1-
i (A

—nrl
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7.2. First fundamental theorem of asset pricing
Definition 7.2. We say the We if for any self financing portfolio with wealth process X, we have: @nd
Xn > 0 implies X = 0 almost surely. -

Th—— - ~ ~ . .
Definition 7.3. We say P is a risk neutral measure if|P is equivalent to P and E,(D,11S;,,1) = D,5,, for every i € {0,...,d}
— —_— -~ e —

Theorem 7.4. The market is arbitrage freelif and onlg[/ ift there exists|a\risk neutral measure.

[Proof that existence of a risk neutral measure implies no-arbitrage.
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7.2. First fundamental theorem of asset pricing.

Definition 7.2. We say the market is arbitrage free if for any self financing portfolio with wealth process X, we have: Xg = 0 and

Xx > 0 implies X = 0 almost surely. e —
Definition 7.3. We say P is a risk neutral measure if P is equivalent to P and E, (D, 1S, ,,) = D,5,, for every i € {0,...,d}.
—_— —— =3

Theorem 7.4. The market defined in Section 7.1 is arbitrage free if and only if there exists a risk neutral measure.

-



emma 7.5. IfE s a risk neutral measure, then the dw of any self financing portfolio is a P-martingale.
P that exist sk tral impli -arbit .
roof that existence of a risk neutral measure implies no-arbitrage Cl\tl ﬂ;’?L ‘)—)“\NQ,>
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Lemma 7.6. Suppose the market has no arbitrage, and X is the wealth process of a ngortfolio, If for any n, X,, =0
and X,4+1 = 0, then we must have Xn+1msurely. =
L
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Lemma 7.7. Suppose we find an equivalent measure P P such that whenever A, - S,, = 0, we have E,, (A, - Sypy1) =0, then Pisa
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Lemma 7.8. Suppose p is a probability mass function such that p(w) = p1(w1)pe(wi,w2) - Py (Wis- .., wWN). If Xny1 s Fnyr-
measurable, then o ) T =

E ZL+1 an-‘rl n+1(‘/7_2)3 where ﬂlz ( 1K‘J—/ n 7(‘}: (w',%,wn_,_l,...,w]v)
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Lemma 7.9. DeﬁneQd— {v ERMMZ >0Vie{l,...,M}}, and Q= {v e RM |v; >0 Vi e {1,...,M}}. Let V.C R be a
subspace. = T T

(1) VNnQ={0} if and only if there exists i EQ such that |A| =1 andn L V. &—— C’\/\. v=0¥ vE \/ >
(2) The normal vector R is u unique zf and only zf dmLL M —1.

Remark 7.10. This is a special case of the Hyperplane separation theorem lused in convex analysis.
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7.3. Second fundamental theorem. £

Definition 7.11. A market is said to be complete if every derivative security can be hedged.

Theorem 7.12. The market defined in S% is tomplete and arbitrage azf and only if there exists a unlque?msk neutral
measure.
< w “’"ﬂ %m»)l 4« WV}ALA\S mj[%v\ﬂ>




Lemma 7.13. The market is complete if and only if for every F,+1-measurable random variable X, Kt there exists a (not necessarily
umque) Fn measurable random vector A, = (AO ..... Ad) such that X, 11 = A, - Spi1-
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7.4. Examples and Consequences.

Proposition 4. \Suppose the market model Section 7.1 is complete andﬁi@ﬂ‘ee, and let£ be the unique risk neutral
measure. I is a P martingale, then X, must mwealfh of a self financing portfolio. T

Remark 7.15—We’ve already seen in Lemma 7.5 that if a (not necessarily unique) risk neutral measure exists, then the discounted
SR TRl ranh el

wealth of any self financing portfolio must be a martingale under it.

Remark 7.16. All pricing results/formulae we derived for the Binomial model that only relied on the analog of Proposition 7.14 will
hold in complete arbitrage free markets.
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Question 7.17. Consider a market consisting of a bank with interest rate r, and two stocks with price processes S', S?. At each
time step we flip two _independent coins. The price of the i-th stock (i € {1,2}) changes by factor u;, or d; depending on whether the
i-th coin is heads or tails. When is this market arbitrage free? When is this market complete?
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Question 7.18. Consider now repeated rolls of a 3-sided die and for i € {1,2}, let Zi = u'(j) if the n-th die rolls j. Suppose
St =87, . Find conditions when this market is comglete and arbitrage free. < T A :
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8. Black-Scholes Formula %

e
(1) Suppose now we can tra(;e/gg%wusl in_time. /CGD ;CCO)@

(2) Consider a market with & bank and a

3) , :

(4) Assume liquidity. neglect fransacti (frictionless), and the borrowing/lending rates are the same.

%In the Black-Scholes setting, we model the stock prices by a Geometric Brownian motion with parameters o (the mean
e

return rate) and &)(the volatility).
The price at time t of a European call with maturity T' and strike K is given by

( \i ﬁ“ %&‘J‘ clt,z) = aN(dp (T =t,2)) = Ke " T=IN(d_(T - t,2)),
ooty e g () (£ F)n). M= [

{
(7) We will derive this as the limit of the|Binomial model as N — .
- j{\




DD s % Zwy H5

KX X [i0d).
LY 9 Z )\}n
ijkg
— RM/\% \‘/Nvéw
g@ he. l“@ Nk { EM&J o PN



8.1. Law of large numbers. Now consider infinitely many i.i.d. random variables Xy, Xo,....

Theorem 8.1 (Weak law of large numbers). Suppose EX,, = p and Var X,, = 0* < oo, and let S, = Y} Xy. Then Var($,/n) — 0,
v -

J
‘Hdwwy %W’“%Mg

Sn
and hence for any € >0, lim P(‘— — u‘ > 5) =0.
= n—00 n —

Lemma 8.2 (Chebychev’s inequality). For any e >0, P(X >¢) < 1E|X|.

RV ] < 1¥

n>ef
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Theorem 8.3 (Strong law of large numbers). Under the same assumptions as Theorem 8.1, lim % @almost surely.
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8.2. Central limit theorem O

Theorem 8.4. Let X,, be a sequence of R valued@andam variables be such that EX, =4y and cov(Xi, X)) =%, ;. Let
—

Sy = Y21 Xu- Then (Sx M) /YN converges weakly TN

Definition 8.5. We say a sequence of random variables Y, Converges weakly to a random variable Z if Ef(Y,) — E f (Z) for every
bounded continuous function f.

% + 20 ¥el
Definition 8.6. Let b R, and X be adxd covariance matriz (positive semi-definite, symmetric). ({i
(1) N(u, 2) denotes a normally distributed random variable with mean y and covariance matrix 2.

(2_%—%% eXp( ;(z —p)- 2N —,ﬂ,))

- 2 27ro?
O — 1
(4) When u =0, 0 =1, N(0,1) is called the standard normal, and its PDF is the Gaussian G(z) = e /2,
— [ ——— ~— P \V 271"

Definition 8.7. We say p is the probability density function (PDF) of a d-dimensional random variable X if P(X € A) = S p(x)dx
for all cubes A C R -

(2) When ¥ is invertible, the probability density function of N'(u, ) is

NN 1 2
(3) Whend =1, % :the PDF of N(u,02) is ———e~(@=#)/(7),
he— = T = .

Remark 8.8. Equivalently, p is the PDF of X if Ef(X fRd x) dz for every bounded continuous function f.

Remark 8.9. We will prove Theorem 8.4 during the course of the construction of Brownian motion.
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8.3. Brownian motion.

e Suppose now Xy, Xo,... are i.i.d. R valued random variables.
e Use P to denote the probability measure, and E, E,, to denote the associated expectation / conditional expectation.

e Assume EX,, =0, and EX2 =
Theorem 8.10. Let WTILV S \/» Zl Xyi. Then impy_ o WLNtJ exists almost surely.

Theorem 8.11. (1) The function t — Wy is continuous almost surely, and Wy = 0.
(2) If 0 =t <ty < ---tp, then Wy, — Wy, Wy, — Wy, ..., Wy, — Wy, | are independent and Wy, — Wy, | ~ N(0,t; —t;—1).

Remark 8.12. Typically one changes the probability space to ensure the function ¢t — W; is continuous surely.

Definition 8.13. The process W above is called a standard (one dimensional) Brownian motion.
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8.3. Brownian motion.

———
e Suppose now X, X, ... are i.i.d. R valued random variables.
e Use P to denote the probability measure, and E E to denote %he associated expectation / conditional expectation.

2

o Assume w and EX2 = 1. Cg —_ XI&) + ﬂ\
Theorem 8.10. Let Wé L S = \le Xyi. Then impy_ o WLNtJ exists almost surely CQML AM}? — IR
Theorem 8.11. (1) The functzon@—) Wt s continuous glmt surely, and Wy = 0.

fO=1ty <ty <---t,, then Wy, — th Wt2 Wiy ooy, Wy, — Wy, | are zndependent andLVI‘/ti — Wy, ~N(0,t; — ti,l).ﬁ)

\_/ . . ‘ - — 1

Remark 8.12. Typically one changes the probability space to ensure the function ¢ —

is con' inuous

ownian motion.

Definition 8.13. The process W above is called a standard (one dimensional)
—— — -— —_—

it W = b o
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The full proof of Theorems 8.10 and 8.11 are technical and beyond the scope of this course. However, we can prove a weaker
result here:

Proposition 8.14. Wr ~ N(0,T).

Remark 8.15. The above is simply the central limit theorem (which we never proved). We will prove it here. Our proof can also be
modified to prove that W has independent normally distributed increments.



Lemma 8.16. Let f be a bounded continuous function, fir T > 0. By the Markov property we know EN,_Lf(WgVTJ) = g, (W) for
- —

some function gn. Set u(t,r) = lImn_ o0 g n¢j(z). Then dpu + $0%u =0_and u(T,z) = f(z).
Al .
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Lemma 8.16. Let f be a bounded continuous function, fiz T > 0. By the Markov property we know E”f(WLNTj) (WT]LV) for
some function g,. Set u(j ) =limy o0 g n¢) (). Then yu+ 102u =0 and u(T, z) = f(z). -
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Lemma 8.17. Suppose u = u(t,z) satisfies Opu + 182u 0 fort <T and u(T,x) ﬁ~ then

1 2
u(t, z) /f )Gr—i(x —y)dy = /fx Y)Gr_i(y)dy,  where Gy(z) = 2me*m/%,

.

(I)Q”, Shi ol QWL\ ng

\C&M(‘& /{)‘tlf\ i 'l';,b‘;d/\ -

@ (bxé‘%@ = _ 6/2

@b C\M . 6';&(«'















PDF f{

N (0,1)

A8



Definition 8.18. We say a random variable Y isif Y =limy oo fn(Why, ..., Wy, ) where|t; < t/for all i.

Definition 8.19. If Y = f(W4,, ..., Wy,) for somé function f and 0 < t1 -+ < tp, deﬁ@— A}im m (Wf]}lvtlj ey Wﬁvw)

— 00

Remark 8.20. \E, f(Wrp) = u(t, W,), where u is the function in Lemma 8.16.

Proposition 8.21. W is a martingale.

(Ao %;éf>

e K EQM% = MW






Definition 8.18. We say a random Variable:Y is@neasurable ifY =lim, oo fn(Wey, ..., W, ) where t; < ¢ for all i.

Definition 8.19. If;/ :wfor some function fand 0 <ty --- < iy, deﬁne)Et = A}lgloo lj[/]\h&jf(WLNN_tﬂ e Wﬁvm)

. o —
Remark 8.20. Eyf(Wr) = u(t, W), where u is the function in Lemma 8.16.

Remark 8.21. The operator E; satisfies the same properties as E,, (e.g. E(XY) = XE,Y if X is F; measurable, independence
lemma, etc.) These will be developed systematically in continuous time finance. w ')
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Proposition 8.22. W is a martingale.
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8.4. Convergence of the Binomial Model.
1) Let @> —1, and consider a bank that pays you interest 7 every 1/N time units.

(

(2) Questi\(fm: Can :]ve choose 7y so ]\Ehat this converges 138 N — oo. Ql M,’, %’W‘QB

(3) Let Cp' =1, C7Yyy = (1 4+7n)Cy and ‘%: A}gnoo Clvey- Lis
|4

Proposition 8.23. Ifr € R, ry =1/N, then Cy = ¢"".
Remark 8.24. Note 0,C; = r(y. The quantity(r s known as the continuously compounded interes ,E ig\
Remark 8.25. If the interest rate is a constant r, then the discount factor is simply|D; = 1/Cy = e "t.
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(1) Now consider the N period Binomial model, with parameters 0 < dy < 1+ 7y < uy, with stock price denoted by S2.
(2) Each time step for r SV denotes 1/N time units in real time. Can we chose@@uch that S, = A}im Sf\]fw | exists?
— 00

(3) Choosd rn\= r/N where 7 € R is the continuously compounded interest rate.

Theorem 8.26. Let u,d > 0 and choose mé;\f
d 75/ o
=14 — 4+ — dy =14 — — —— 5 2 _ 521 ag? P
— W !+N+\F . +N N 2rura 4 u+d ot
Under the risk neutral measure, the processes SLth converge weam Spelr=2 /2)t+”Wf, where W is a Brownian motion.

That is, for any bounded continuous function f,

lim Bf(SN,) = B f(S:) = Ef(Soexp(<r— ‘j)3+alvt)) 5EM

N—oo
Remark 8.27. Sy above is called a Geometric Brownian motion-with mean return rat@ and volatility@
b— e
Remark 8.28. The fact that we took the limit under the risk neutral measure is the reason the mean return rate xis the same as the

interest rate r.

Remark 8.29. In this continuous time market you have the asset (whose price is denoted by S;), and a bank with continuously
. . . . . . . \—".’”\

compounded interest rate r (i.e. discount factor is 22;_4)_6_”. You can trade continuously in time, and we are neglecting any

transaction costs. -






Theorem 8.30. Consider a security that pays f(St) at maturity time T. The arbitrage free price of this security at time t is given
by — S

—

Vi %@(&@) - BTy | =

Proof. For the Binomial model we already know V¥ = DN E DLNTJ f(SLNTJ) Set n = | Nt] and send N — oo. O

L/______“J



8.4. Convergence of the Binomial Model.

(1) Let 7y > —1, and consider a bank that pays you interest rn every 1/N time units.
(2) Question: Can we choose ry so that this converges as N — oo.
(

3) Let goN =1, 0N = (1+rn)CY and Cp = Ng&cg&'
Proposition 8.23. Ifr e R, N :@, then@ = ¢t
Remark 8.24. Note 0;Cy; = rC;. The quantity r is known as the continuously compounded interest rate.

Remark 8.25. If the interest rate is a constant r, then the discount factor is simply D; = 1/Cy = e "t.



> |[VH
(1) Now consider the/ N/period Binomial model, with parameters 0 < dy < 1+ 7y < uy, with stock price denoted by SX.
(2) Each time step for SN denotes M time units in real time. Can we chose uy, dy, 7y such that S; = A}im S’f\]rm exists?
— = — 00

(3) Choose(rn) =1r/N, where r € R is the continuously compounded interest rate.

Theorem 8.26. Let u,d > 0 and choose

r d d -u
=14+ — dn =1 777‘ 5 _ - _ 2 _ 5,2 ~d2.
uN +N+W dv =1+ : @u+d, u+d, 0% = pu? +§

Under the risk neutral measure, the processes SLth converge weakly to St Soe(’"*"Q/Q)t*"Wf, where W is a Brownian motion.
- S

That is, for any bounded continuous function f,

N lim Ef(SN,) = Bgf(S) = Ef(So exp((r _

N—oc0

2 )i+om))

Remark 8.27. S; above is called a Geometric Brownian motion with mean return rat@ and volatility o.

Remark 8.28. The fact that we took the limit under the risk neutral measure is the reason the mean return rate r is the same as the
interest rate 7.

Remark 8.29. In this continuous time market you have the asset (whose price is denoted by , and a bank with continuously
compounded interest rate r (i.e. discount factor is D; = e™"). You can trade continuously in time, and we are neglecting any

transaction costs. M
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Theorem 8.30. Consider a security that pays f(St) at maturity time T. The arbitrage free price of this security at time t is given
by
1 = ~ T
V= 5 Bi(Drf(sr)) = Bi(e "0 f(51))
— t = — .

—_—

1
DNE DLNij(SLNTJ) Set n = | Nt] and send N — oo. O

n & —

Proof. For the Binomial model we already know VN

( [of LWV\Q>




Proof of Theorem 8.26,
le» W



Theorem 8.31 (Black-Scholes formula). In the above market, a European call with matum’ty@md strike K pays (Sp — K)* at
time T. The arbitrage free price of this call at time t is c(t, St), where o

c(t,z) == —t,z)) — Ke 7Tt (T -tz /
(t,0) = eN(ds (T = t,2)) = K N(d-(T - t,2)), o (DF 4%«/1

2

where dy = %(111(%) + <r:|: %)T) , N(z) = \/% /; e V2 gy .

L
P e 1. W 50 = B 51 O o

S, = Soe(r—%)ﬁ?Wt . Sr= Soe(r—é);f”cg‘/l’z7 — Sy = Ste(r—";)fjo(WT—Wﬁ’

[,

Since W — W, is independent of Fy, and S; is F; measurable, by the independence lemma,

—

‘=gl
Now set Sy = =, N XW\
— 2 @

di(r0) = U\%(m(f{) Hreg)r). Nw = \/12;/; eV dy = \/12?/_0: eV dy,

n o> iT o\/T t
.80 = BT gD g [ g i)

and observe

c(t,z) = \/% /_:o xexp(_(;T +oVTY — y;> dy—e ""TKN(d-)
_ \/%TT /_j ;Eexp(_(y _;ﬁ)Q) dy — e ""KN(d_) :%N(dg — e ""KN(d_)| O



W — W
— e /N = \Y;l/ ’ /_/)_/’E
[/\)(r l/\B‘[; 2V N (O) )(-JCD wT /\; S;/.>

o
> N Hy ~ N<O) 15 /
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