21-268: Multidimensional Calculus Spring 2020
Recitation April 28

Stokes Theorem

Recall the definition of the curl of a vector field R? — R3

0o F5 — 03 F3
curl(F) =V x F:= | 0sF, — 01 F3
(91F2 — 82F1

The Stokes Theorem connects the surface integral of V x F with line integral of F' at the
boundry.

Theorem 1 Let U C R3 be a domain, (X,7) C U be a bounded, oriented, piecewise C*
surface whose boundary is a piecewise C' curve I'. If F : U — R3 is a C* vector field, then

/VxF-ﬁdS:fF-dl
by r

The line integral is calculated counter-clockwise (w.r.t. n) for outer boundary and clockwise
for inner boundary (holes)

Example 1
Let ¥ = {(z,y, /1 — a2 —32) 12> +y?> < 1}, F : R? — R3 be

F(JZ, Y Z) = (Za €, y)
Compute
/ VxF-ndS
b
where 7 is the upward unit normal
Solution Let T' = 0% = {(z,4,0) : 22 + y*> = 1} (the unit circle with z = 0).

Since I', I, ¥ are obviously C!, we can use the Stokes theorem and use the parametrization



v :[0,27] = I', y(t) = (cost,sint,0)

/VxF-ﬁdS:/F-dl
N r
o 0 —sint
:/ cost | - cost | dt
0 sint 0
2
:/ cos? tdt
0
27 1
:/ L1 4 cos(20))dt
0 2
1 1 2
t=0
=7

Another way to compute it is that notice that I' is also the boundary of the disk ' :=
{(x,y,0) : 2% + y* < 1}, then applying Stokes twice we have

/VXF-ﬁdS:/F‘dl
b r

= VxF-ndS
Z/
1 0
:/ 1 0| ds
"\1 1
~ [ 1as
= Area(X) =7

Remark: Be careful with orientation.
Example 2 In this example we will prove the following lemma.

Let ¥ C R3? be a C' bounded oriented surface and and 9% = I' be a closed C! curve in R3?,
f:R*— R a C? function, then [V f-dl =0

Proof: Let’s prove this in two ways.

First we use the Stokes theorem.

Since f € C?,
203 f — 0302 f
V X Vf = 8381f — 8183f =0
0o f — 001 f



So by Stokes theorem,

/Vf-dl:/O-ﬁdS:O
T b

The second way is the fundamental theorem of line integral, can any point a on I', then the
fundamental theorem of line integral tells us

/FVf-dl:f(a)—f(a)ZO

This actually only need f € C' and T’
( y only

Divergence Theorem

Let U C R3 be open and F': U — R3 be a C! vector field. The divergence of F is
le(F) =V .F= 01F1 -+ 82F2 + 83F3

Theorem 2 Let U C R3 be a bounded region such that OU is a piecewise C* surface. Let
F:U — R3 be a C* vector field and 7 the outward pointing normal vector on OU. Then,

/V-FdV:/ F.-ndS
U U

Example 1: Compute [,F -7 dS, where F(z,y,z) = (zz+ 3, =268y, —327%), i is an inward
pointing normal vector, and ¥ is the surface of the following object:

(0,0,3)

(-1,-1,2) (-1,1,2)

1-12) ¢+ (1,12

{-1,-10) -1,1,0)

(1,-1,0) (1,1,0)



Solution: We note that X is a closed surface. Let U be the region enclosed by Y. By
divergence theorem, we have

/ZF-ﬁdS——/F-(—ﬁ)dS

xz + 3

/V —268:£y dV
= /2681’dv
U
2 1 gl 33—z 3—z
:/ / / 268z dx dy dz+/ / / 268rdrdydz (Fubini)
0 —-1J-1 2 z—3 z—3
=0+0
=0

Example 2: Let U C R? be a bounded region such that OU is a piecewise C! surface. Let
u:U — R be a C? function. Show that if u is harmonic (Au = 0), then [, Vu-ndS = 0.

Solution: Note that , ,
V-Vu=>Y 0,(0m) =) 0fu=Au
i=1 i=1

Thus, by divergence theorem,

Vu-ﬁdS:/V-VudV:/AudV:()
U U U

as desired.

Example 3: (Green’s first identity)

Let U C R? be a bounded region such that dU is a piecewise C! surface. Let f,g: U — R
be C? functions. Then,

/Vf~ngV:—/ngdV—i— fVg-ndS
U U U
Solution: Note that

3 3
V- (fVg) =) 0:(fog) =) 0:ifog+ [0ig=Vf-Vg+ [Ag
=1

=1



Thus, by divergence theorem,

ng-ﬁdS:/

V- (fVg)dV = | Vf-VgdV AgdV
V- (r99) /Ufg +/Ufg

ou

as desired.



