21-268: Multidimensional Calculus Spring 2020
Recitation March 31

Fubini’s Theorem

Definition 1
S:U={yl(z,y) €U}  T,U={z|(x,y) € U}

Theorem 2 Let U C R2. Suppose f: U — R satisfies

/xeR (/yESIU |f(x,y)|dy) dr < oo
/yeR </:E€TyU |f(x’y)‘d$) dy < o0

the f is integrable over U and

/deA - /meR (/U\GSzU f(x’ y)dy) = /yelR (/xeTyU f($7 y)dx) dy

Example 1

or

Compute the integral fol fyle"pz dx dy.
Solution: We first check that

1 1 5 1 1 , 1 1
/ /|el’ |da:dy§/ /\ex |dxdy§/ /edmdy:e<oo
0 Jy 0 Jo o Jo

Thus, by Fubini’s theorem,

Lo Lo L 1.
/ /e”C dxdy:/ / e’ dydx:/xex dr = =e”
0 Jy 0o Jo 0 2

Example 2
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Use a triple integral to compute the volume of a cone with height h and base radius r.
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Solution: Let the cone be C' = {(x,y,2) € R*: z € [0,h], /22 + y*> < 7(h— z)}. Thus, after

checking Fubini, we can express the volume of C' as

r(h—z)/h /h)2—y
/1dV / / / 1d:E dy dz
r(h—z)/h (h z)/h)?

r(h— z)/h
/ / (h—2z)/h)? —y>dydz

r(h—z)/

:/W<—r(h—z)) dz
0 h
h 22 22
:71'7’2/0 <1_T+ﬁ> dz
r h—h—i—lh
3

1
= —7r’h
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What if we want to compute the mass of C' given its density function p(x,y, z)? Then, the

mass is
r(h—=z)/h r(h—=z) /h)ny
/pdV / / / p(x,y,z) dzdydz
—r(h—z)/h

“counter example” of Fubini

22 — o2

Let f :[0,1]* — R be defined via f(z,y) = ﬁ First we check if the condition of
z Yy

1 1 1 oz
| f(z,y)|dydx > | f (@, y)|dydz
o Jo
// oy y dydm
(x
:/0 x2+y2|y 0
1
1 |z
:\/0\ %‘yzodx

= %lnm‘io = 0

Fubini is satisfies

Similarly we have fol fol |f(z,y)|dxdy = co. So the condition for Fubini is not satisfied.



Compute the double integral in both ways

/1 l’z—yQ d —X |1 _1
——dr = —— =
0 <x2+y2)2 x2+y2 =0 1+y2
/1 $2_y2 Gy — Y ‘1 _ 1
0 (x2+y2)2 y_x2+y2 y:0_1+x2
1 1 1 _1
/ / f(x,y)dxdy:/ 2dy:—arctany];:0:
0o Jo o L+y

1 1
1
/O/Of(x,y)dydx:/o 1+m2dm=arctanx|;:0:—

They are not equal to each other
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A preview of 21-325

Let f: R — [0,00) define
PIX > o) = [ f)dy

E[X] = /0 o f (2)da

(for those who have seen some probability theory, these are the probability of X > z and
expectation for the continuous, non-negative variable X that has pdf f.)

We claim the following holds:
E[X] :/ PIX > 2]dz
0

Proof: Let 1,<, : R?* — {0,1} be defined via 1,<,(z,y) =1 when y < z and 1,<,(z,y) =
0 when y > x (we also call it the characteristic function of y < z). Then fix any =z,

Jo gz, y)dy = So

BlY = [ et = [ [T hatad@an= [ [T et e
Assume Fubini holds,
E[X] = /OOO /Ooog(x,y)f(fc)dxdyz /OOO /yoo 1f(z)dedy = /OOOP[X > yldy

Another equivalent way of doing it without using the characteristic function is to observe

of@) = [ 1wy



So

E[X]—/Oooxf(x)dx—/ooo/Omf(x)dydx—/Ooo/yoof(x)dxdy—/oooP[X>y]dy

Now if Fubini does not hold, then both

/OOO /0m9<x>y>f(as)dxdy s

/OOO /Ooog(imy)f(a:)dydx ~ s

So they are still the same. (In general same logic follows for all non-negative functions) m



