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Abstract. We study convergence rates of the annealed importance sampling
algorithm (Neal ’01) combined with Langevin Monte Carlo when the target
is a multimodal Gibbs measure. The main result shows that for a fixed error
threshold, the time complexity is quadratic in the inverse temperature. We
identify a simple and useful quantity that controls the sampling error for AIS
in a general setting, and then bound this quantity in our setting using spectral
estimates. We also study an autonormalized version and obtain bounds for the
time complexity in terms of the inverse temperature.

1. Introduction
1.1. Main Results. We begin by stating our main results, following which we
survey the literature and place our results in the context of the current literature.
Let X be a configuration space and U : X → R be an energy function. Given ε > 0,
the Gibbs measure with temperature ε is defined by

(1.1) πε
def= π̃ε
Zε

where π̃ε = e−U/ε , and Zε =
∫

X
π̃ε dx ,

where the last integral is carried out with respect to some reference measure on X .
We typically only consider the case where X is the d-dimensional Euclidean space Rd,
or the d-dimensional torus Td. In these cases the reference measure in (1.1) is the
Lebesgue measure.

Consider the overdamped Langevin equation
(1.2) dXε

t = −∇U(Xε
t ) +

√
2ε dBt ,

where B is a standard d-dimensional Brownian motion. It is well known (see
for instance [Pav14]) that the stationary distribution of the Langevin equation
is πε, and the Langevin Monte Carlo (LMC) algorithm obtains samples from πε by
simulating (1.2) for long time.

The disadvantage of LMC is that when U is not convex, the rate at which
solutions to (1.2) converge to the stationary distribution is exponentially small
in 1/ε. This is the Arrhenius law [Arr89], and is described in more detail below.
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We show that this slow rate of convergence can be overcome if one uses annealed
importance sampling (AIS) [Nea01], or an autonormalized version of AIS.

1.1.1. Langevin Annealed Importance Sampling. For convenience, we first state the
Langevin AIS algorithm.

Algorithm 1 Langevin Annealed Importance Sampling (Langevin AIS)
Tunable parameters:

(1) Target temperature ε > 0.
(2) Annealing schedule K ∈ N and ε1 > · · · > εK+1 = ε
(3) LMC simulation time T .

1: Start with X0 ∈ Td arbitrary, and weight w̃0 = 1.
2: for k = 1, . . . ,K do
3: Simulate (1.2) with temperature εk, starting from Xk−1, and let Xk be the

state after time T .
4: w̃k ← w̃k−1

π̃εk+1 (Xk)
π̃εk

(Xk) .
5: end for
6: return XK and the unnormalized weight w̃K .

Our main result shows that if we obtain N independent samples using Algorithm 1,
and empirically normalize the weights, then we obtain good samples from πε with
time complexity that is quadratic in 1/ε.

Theorem 1.1. Suppose the configuration space X = Td, and U is a regular double-
well potential with non-degenerate wells of equal depth. Given ν > 0, and ε1 > 0
there exist constants CT = CT (ν, U, ε1), C̄w(ν, U, ε1) such that the following holds.

For every δ > 0, ε ∈ (0, ε1), choose

K =
⌈

1
εν

⌉
,(1.3)

T > max
{
CT

(1
ε

+ logK
)
, (4 + |log2 δ|)t∞mix,ε1

}
,(1.4)

N =
⌈

64C̄w
δ2

⌉
.(1.5)

Choose ε2, . . . , εK+1 = ε so that {1/εk}1⩽k⩽K+1 are linearly spaced. Let (X1
K , w̃

1
K),

. . . , (XN
K , w̃

N
K) be the points and unnormalized weights obtained from N independent

runs of Algorithm 1 with these parameters. Define the empirical measure µN by

(1.6) µN
def=

N∑
i=1

wiδXi
K

where wi = w̃iK
W̃K,N

and W̃K,N
def=

N∑
i=1

w̃iK .

Then for every bounded test function f

(1.7) E
∣∣⟨f, µN ⟩ − ⟨f, πε⟩∣∣2 < ∥f∥2

oscδ
2 .
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Moreover, for every s > d/2 there exists an explicit dimensional constant Cs
(independent of ε1, ε, ν, δ) such that
(1.8) E∥µN − πε∥2

Ḣ−s ⩽ Csδ
2 .

Here t∞mix,ε1
is the uniform mixing time of (1.2) on Td with ε = ε1 (see [LP17],

or (2.2), below). The notation ⟨f, µ⟩ used in (1.7) is

⟨f, µ⟩ =
∫
Td

f dµ ,

and ∥·∥Ḣ−s denotes the norm in the homogeneous Sobolev space with index −s (for
instance see [AKM19], or (4.20), below).

Remark 1.2 (Effective sample size). When working with weighted points as above, it
is important to ensure that the weights don’t concentrate on a few particles reducing
the overall efficiency. This is often measured by the effective sample size (see for
instance Section 8.6 in [CP20]) defined by

(1.9) ESS(w1, . . . , wN ) def= 1∑N
i=1 w

2
i

.

We will show (see Proposition 2.7 and Remark 3.8, below) that Theorem 1.1 implies
that the effective sample size is bounded by

E ESS(w1, . . . , wN ) = E

(
1∑N

i=1 w
2
i

)
⩾

N

8
(
4C̄w + 1

) .
Remark 1.3 (Computational complexity). We now discuss the asymptotic behavior
of the computational complexity as the temperature ε → 0, and as the allowed
error δ → 0. Assuming the computational cost of simulating (1.2) for time T is O(T ),
and neglecting the discretization error, the computational cost of Algorithm 1 to
achieve the error bounds (1.7) or (1.8) is O(KTN). Unravelling the ε and δ
dependence in (1.3)–(1.5) this implies

(1.10) complexity(Algorithm 1) = O(KTN) ⩽ Cd
δ2

( 1
ε2 + |ln δ|

)
,

for some constant Cd = Cd(U). For reference we mention that the computational
complexity of Langevin Monte Carlo under these conditions is eO(1/ε), and the
complexity of rejection sampling is O(1/εd). A more comprehensive discussion and
comparison is at the end of Section 1.2, below.

Remark 1.4 (Multiple wells, and wells of unequal depth.). The assumption that U
is a double well potential with wells of equal depth can be relaxed. If the wells
have “nearly equal depth” so that the distribution remains truly multimodal in a
temperature range, then Theorem 1.1 will still hold. The required assumptions and
generalized theorem is Theorem 3.7 in Section 3, below. If there are more than two
wells, then Theorem 1.1 will still hold provided we make the same non-degeneracy
assumptions as in Section 10 in [HIS26].

Remark 1.5. The constants CT and C̄w in Theorem 1.1 involve dimensional factors
that arise in spectral estimates and Sobolev embedding theorems. As a result, their

dimensional dependence is not explicit (see (5.12) and (5.19), below). In special
cases where U has a low dimensional structure, the dimensional dependence of these
constants can be controlled for an idealized model problem (similar to Proposition
3.1 in [HIS26]), but their dimensional dependence is not explicit for the full Langevin
system.

Remark 1.6. In practice, one often has a target distribution of the form π ∝ e−V

which is hard to sample from. By the Arrhenius law, the complexity of using LMC to
directly sample from π ∝ e−V is eO(H) where H is the energy barrier. If instead if we
choose ε = 1/H and U = εV , and use Langevin AIS to sample from π = πε ∝ e−U/ε,
then by Remark 1.3 the time complexity is now only O(1/ε2) = O(H2).

The proof of Theorem 1.1 consists of two steps: The first step is a general result
concerning AIS. Given a family of distributions π1, . . . , πK+1, with corresponding
Markov transition kernels P1, . . . , PK+1, we estimate the variance of using AIS to
sample from πK+1 in terms of

(1.11) CP (T ) def=
K∏
k=1
∥PTk r2

k∥L∞ , where rk
def= πk+1

πk
.

This is the content of Proposition 2.4 and Theorem 2.5, below. We will shortly
examine the quantity CP (T ) further and note its resemblance to the product of
the χ2-divergences χ2(πk+1;πk) in Section 2.2, below.

The second step in the proof of Theorem 1.1 bounds the quantity CP (T ) for the
specific sequence of intermediate sequence of distributions used in Theorem 1.1. We
do this using certain spectral properties of the generator of (1.2). These properties are
a combination of results in [Kol00,BGK05,MS14], and are collected in a convenient
form in [HIS26]. The full proof is presented in Section 5, below.

1.1.2. Autonormalized Langevin AIS. We also consider an autonormalized version of
Algorithm 1. Namely, instead of returning the unnormalized weights w̃K , we run N
independent realizations and normalize the weights using an empirical average.
This is a commonly used idea in many Sequential Monte Carlo samplers (see for
instance [DdFG01,Liu08,CP20]), and performs well in many situations of practical
interest. For convenience, we now state the version of this algorithm precisely.
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Algorithm 2 Autonormalized Langevin Annealed Importance Sampling
Tunable parameters:

(1) Target temperature ε > 0.
(2) Annealing schedule K ∈ N and ε1 > · · · > εK+1 = ε
(3) LMC simulation time T .
(4) Number of particles N ∈ N.

1: Start with w1
0 = · · ·wN0 = 1/N , and X1

0 , . . . , XN
0 arbitrary.

2: for k = 1, . . . ,K do
3: for i = 1, . . . , N do
4: Simulate (1.2) with temperature εk, starting from Xi

k−1, and let Xi
k be

the state after time T .
5: w̃ik ← wik−1

π̃εk+1 (Xi
k)

π̃εk
(Xi

k
) .

6: end for
7: Let W̃k =

∑N
j=1 w̃

j
k, and for each i ∈ {1, . . . , N} set wik = w̃ik/W̃k.

8: end for
9: return X1

K , . . . , XN
K and the normalized weights w1

K , . . . , wNK .

Theorem 1.7. Suppose the configuration space X = Td, and U is a regular double-
well potential with non-degenerate wells of equal depth. Given α, ν > 0, and ε1 > 0,
there exists constants CN and ĈT such that the following holds.

For every δ > 0 and ε ∈ (0, ε1), choose

K =
⌈

1
εν

⌉
,(1.12)

T > ĈT

(
K(1+α) + 1

ε
+ log

(1
δ

)
+ logN

)
,(1.13)

N =
⌈
CN
δ2

⌉
K2 .(1.14)

Let ε2, . . . , εK+1 = ε be such that {1/εk}1⩽k⩽K+1 are linearly spaced. Run Al-
gorithm 2 with these parameters, and let {Xi

K , w
i
K}1⩽i⩽N be the N points and

normalized weights returned. Define the empirical measure µN by

µN
def=

N∑
i=1

wiKδXi
K
.

Then, for every bounded measurable test function f , we have

E
∣∣⟨f, µN ⟩ − ⟨f, πε⟩∣∣2 ⩽ ∥f∥2

oscδ
2 .

Consequently, for every s > d/2 there exists an explicit dimensional constant Ĉs
(independent of ε1, ε, α, ν, δ) such that

E
∥∥µN − πε∥∥2

H−s ⩽ Csδ
2 .

Remark 1.8 (Effective sample size). We will also estimate the effective sample size
and show that there exists a constant C1 = C1(ν, ε1) such that

E ESS(w1
k, . . . , w

N
k ) ⩾ N

C1C̄2
w

,

where C̄w is the constant from Theorem 1.1. This is the content of Proposition 3.10,
below.

Remark 1.9 (Computational complexity). We now discuss the asymptotic behavior
of the computational complexity as the temperature ε → 0, and as the allowed
error δ → 0. As with Remark 1.3, the computational cost of Algorithm 2 is O(KTN).
Unravelling the ε and δ dependence in (1.12)–(1.14) this implies

(1.15) complexity(Algorithm 2) = O(KTN) ⩽ Cd
δ2ε3

( 1
ε1+α + |ln δ|

)
.

While this is much smaller than the complexity of LMC (which is eO(1/ε)), or
rejection (which is O(1/εd)), it is larger than the complexity of Algorithm 1 which
is O(1/ε2). In practice, Langevin AIS and autonormalized Langevin AIS perform
comparably, and the reason the bound (1.15) is worse than (1.10) may be due to
suboptimality of of our estimates.

The proof of Theorem 1.7 is a little more involved than Theorem 1.1 because the
processes {Xi

K , w
i
K | 1 ⩽ i ⩽ N} are not independent and identically distributed,

but only exchangeable. As a result, we are presently unable to deduce Theorem 1.7
from a general one particle result, as we will do for Theorem 1.1. Moreover, the lack
of independence introduces a few technical difficulties in the proof and this leads
to bounds that are worse than those in Theorem 1.1. Explicitly, Theorem 1.7 the
choice (1.12)–(1.14) requires N to grow like 1/ε2, where as in Theorem 1.1 one can
choose N independent of ε. Moreover, the simulation time T in (1.13) now grows
like 1/ε1+α, where as in Theorem 1.1 it only needed to grow like 1/ε. In spite of
the difference in the provable bounds in this situation, Algorithm 2 performs well in
practice and is used often [DdFG01,Liu08,CP20]. We present the proof in Section 6,
below.

1.2. Literature review. Sampling from distributions is a longstanding problem
that arises in many applications such as Bayesian inference, statistical Physics and
machine learning. In many situations of practical interest, the state space X is huge
(either finite, but with a computationally intractable size, or a high dimensional
manifold). For any given state x ∈ X , one can typically compute an energy U(x)
measuring how favorable the state is. Standard models (e.g. the canonical ensemble
in statistical physics) dictate that the probability of finding the system in state x is
proportional to π̃ε(x) = e−U(x)/ε (as in (1.1)), where ε > 0 is a parameter (often the
absolute temperature) controlling how fast the system transitions between states.

Practically, the normalization constant Zε (often called the partition function) is
a high dimensional integral (or a sum over huge number of states) and is compu-
tationally intractable. Moreover, even if the normalization constant Zε is known,
the enormous state space requires the use of algorithms that can deliver samples
even though they can only inspect a miniscule fraction of all possible states. Such
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algorithms aren’t easy to design, or rigorously analyze, and this makes such sampling
problems extremely challenging.

Markov Chain Monte Carlo (MCMC) is a family of algorithms that is often
used to address such problems. These work by simulating a Markov process whose
stationary distribution is πε, and date back to the celebrated Metropolis–Hastings al-
gorithm [MRR+53,Has70]. In Euclidean space the Langevin dynamics (1.2) provides
a particularly convenient Markov process with stationary distribution πε, and this
is the basis of Langevin Monte Carlo (LMC), Metropolis Adjusted Langevin Monte
Carlo (MALA) and various other sampling algorithms (see for instance [Liu08]).

One issue that requires attention when using MCMC based algorithms is the
rate at which the Markov chain converges to equilibrium. If this rate is too slow, it
may require simulating the Markov chain for impractical amounts of time before
obtaining good samples. In some cases, one has quantitative estimates on the rate
of convergence. For (1.2), it is known that if U is uniformly convex, then

W2(dist(Xε
t ), πε) ⩽ e−C(U)t/εW2(dist(Xε

0), πε) ,

which means that simulating (1.2) will yield good samples of the Gibbs measure in
short time, even when the temperature ε is small. Vempala and Wibisono [VW19]
(see also [Che23]) showed that this is also true for the Euler–Maruyama discretization
of (1.2), making LMC a practically viable sampling algorithm for log concave
distributions even in high dimensions.

When U is not convex, however, the situation is different. If U is multi-modal
(for instance, if π1 is a Gaussian mixture), then the convergence rate of (1.2) is
exponentially small in 1/ε. That is, it takes time eO(1/ε) for the distribution of Xε

t

to become close to πε. This phenomenon is known as the Arrhenius law [Arr89], and
occurs for the following reason. Since the drift in (1.2) pulls trajectories towards
local minima of U , the noise term in (1.2) has to go against the drift for an O(1)
amount of time in order for trajectories to transition from the basin of attraction of
one local minimum to another. This happens with exponentially small probability,
leading to the Arrhenius law.

Several methods have been designed to improve the rate of convergence. Tem-
pering methods introduced in [SW86, Nea96, MP92, Nea11] run a Markov chain
on a product of the state space at various temperature levels. Other methods
include ideas based on birth-death [LLN19], optimization [PHLa20], diffusion mod-
els [CKSV25], warm starts [KLV25,LSG25]. Authors have also modified (1.2) by
adding a drift [RBS15, DFY20, CFIN25], or modifying the diffusion [ERY24]. In
some situations [WSH09,GLR20,Son26] polynomial convergence bounds have been
rigorously proved.

The methods most closely related to this paper are known as Sequential Monte
Carlo (SMC) algorithms. The first such instance was developed to study of the
average extension of molecular chains [HM54,RR55]. SMC methods use a sequence
of auxiliary distributions ν1, . . . , νK so that ν1 is easy to sample from, νK is
the target distribution, and then move samples between distributions using a
reweighting / resampling mechanism. These methods are hugely popular, and we
refer the reader to [DdFG01,Liu08,CP20,SBCCD24] for a broad overview. In the

context of multi-modal distributions, rigorous convergence bounds were proved
in [Sch12,PJT19,MS24,LSG24,Han25,HIS26].

The algorithms we use in this paper (Algorithms 1 and 2) are obtained using
Neal’s Annealed Importance Sampling (AIS) algorithm [Nea01], combined with
Langevin Monte Carlo. While AIS and Langevin AIS are immensely popular, there
are very few rigorous convergence bounds that apply in the setting of Theorem 1.1
and 1.7. Specifically, in our setting we make no apriori assumption about the mixture
decomposition, symmetry, shape of the wells, or apriori assume knowledge of how
the mass distribution in wells changes as the temperature varies. We only assume
non-degeneracy of critical points, and regularity of U . (The assumption that U
is a double well potential with wells of equal depth can be relaxed as mentioned
in Remark 1.4.) To the best of our knowledge, the only results that apply in this
setting are [HIS26,Han25,Son26], and we now comment on the relationship between
these results and the present paper.

In [HIS26] the authors used an SMC algorithm which resampled points at every
level, instead of reweighting them as we do in Algorithms 1 and 2. The advantage
of this method is that it is keeps the effective sample size constant, and is extremely
popular in practice [CP20]. The disadvantage is that particles are now only exchange-
able, and not independent, and so theoretical bounds harder to obtain. In [HIS26]
the authors show the complexity is exactly the same as that of Algorithm 2 (given
by (1.15)).

In [Han25] the author shows the same SMC algorithm can be used in the non-
compact setting when the state space X = Rd. The author uses a coupling argument
in [MMS23] and obtains error estimates in probability. For a fixed error, the time
complexity of this algorithm is O(|ln ε|10/3/ε7) as ε→ 0.

Finally in [Son26] revisits this sampling problem using Metropolis ball walks and
parallel tempering. The author uses a soft domain decomposition [MR02,WSH09]
to show that for a fixed error, the time complexity behaves like O(1/ε11) as ε→ 0.

As mentioned earlier (Remark 1.3 and (1.10)), for a fixed error the time complexity
of Langevin AIS (Algorithm 1) scales like O(1/ε2) as ε → 0. The main new
contribution of this paper of this paper over [HIS26,Han25,Son26] is twofold. First,
the algorithm has smaller complexity (O(1/ε2), vs O(1/ε4) or higher). Second,
the proof identifies a simple and useful quantity, CP (T ), that controls the sample
error of AIS (equation (1.11), see also Theorem 2.5 and Section 2.2, below) in a
general setting. We presently prove Theorem 1.1 by bounding CP (T ) using spectral
estimates from [Kol00,BGK05,MS14,HIS26]. There may be room to bound CP (T )
using different techniques, bypassing the limitation of spectral methods, but this
goes beyond the scope of the present paper and is left for future study.

Plan of this paper. In Section 2 we state two results (Proposition 2.4 and
Theorem 2.5) addressing convergence of AIS in a general setting, and control the
sampling error in terms of CP (T ). In Section 3 we study Langevin AIS and its
autonormalized version, and state generalizations of Theorems 1.1 and 1.7. In
Section 4 we prove Proposition 2.4 and Theorem 2.5. In Section 5 we prove the
generalization of Theorem 1.1 (Theorem 3.7), and finally in Section 6 we prove the
generalization of Theorem 1.7 (Theorem 3.9).
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2. Convergence results for AIS
As mentioned earlier, we prove Theorem 1.1 by showing that the quantity CP (T )

in (1.11) can be used to control the sampling error of AIS in a general setting. We
begin by stating this precisely.

2.1. Bias and Variance estimates for AIS. Suppose π = π̃/Z is a target
distribution from which samples are desired. Here π̃ is an unnormalized probability
distribution which is easy to compute, and Z =

∫
X π̃ is the normalization constant

(which is hard to compute). The AIS algorithm [Nea01] uses an auxiliary family of
distributions with densities proportional to π̃1, . . . , π̃K+1 = π̃ (called a tempering
sequence), along with reversible Markov transition kernels P1, . . . , PK . The algorithm
now successively simulates a Markov chain with kernel Pk, and then reweights the
points using the ration π̃k+1/π̃k and is described precisely as Algorithm 3.

Algorithm 3 Annealed Importance Sampling (AIS)
Requirements:

(1) Tempering sequence of unnormalized densities π̃1, . . . , π̃K .
(2) Corresponding reversible Markov transition kernels P1, . . . , PK .
(3) Running time T .

1: Start with w0 = 1, X0 arbitrary.
2: for k = 1, . . . ,K do
3: Sample Xk from PTk (Xk−1, ·)
4: w̃k ← w̃k−1

π̃k+1(Xk)
π̃k(Xk) .

5: end for
6: return XK and the unnormalized weight w̃K .

The goal of this section is to obtain a quantitative error bound on AIS, provided
the tempering sequence satisfies the following assumptions.

Assumption 2.1. For each k ∈ {1, . . . ,K + 1} we have a reversible Markov
transition kernel Pk whose stationary distribution is πk = π̃k/Zk, where Zk =

∫
X π̃k.

Assumption 2.2. There exists constants T0, Cw such that for every T ⩾ T0 we
have

(2.1)
K∏
k=1
∥PTk r2

k∥L∞ ⩽ Cw , where rk
def= πk+1

πk
.

Assumption 2.3. The uniform mixing time of P1 is finite. Explicitly,

(2.2) t∞mix,1
def= min

{
n ∈ N

∣∣∣∣ sup
x∈X

∥∥∥∥Pn1 (x, ·)
π1(·) − 1

∥∥∥∥
∞
<

1
2

}
<∞

We will now show that if we use AIS with a tempering sequence satisfying
Assumptions 2.1–2.3, then the bias decreases exponentially with T/t∞mix,1, and
variance is bounded by 4Cw.

Proposition 2.4 (Bias and variance bounds). Suppose {Pk}1⩽k⩽K are Markov
transition kernels satisfying Assumptions 2.1–2.3. Let XK , w̃K be obtained from
Algorithm 3 with K + 1 levels, running time T , and kernels {Pk}. For all bounded
measurable functions f , we have the bias and variance estimates∣∣∣∣Ew̃Kf(XK)

Ew̃K
− ⟨f, πK+1⟩

∣∣∣∣ ⩽ 22−T/t∞mix,1∥f∥∞ , provided T ⩾ t∞mix,1(2.3)

Var
(
w̃Kf(XK)

Ew̃K

)
⩽ 4Cw∥f∥2

∞ , provided T ⩾ T0 .(2.4)

In practice, one would take N independent samples from Algorithm 3, and esti-
mate Ew̃K using the empirical mean. An immediate consequence of Proposition 2.4
is a quantitative bound on the convergence of the empirical measure.

Theorem 2.5 (Empirical measure convergence). Suppose {Pk}1⩽k⩽K are Markov
transition kernels satisfying Assumptions 2.1–2.3. Given δ > 0, choose

(2.5) N = 64Cw
δ2 and T = max

{
T0, (4 + |log2 δ|)t∞mix,1

}
.

Let {Xi
K , w̃

i
K}1⩽i⩽N be N independent realizations of the points and weights returned

by Algorithm 3, with K + 1 levels, running time T , and kernels {Pk}. For every
bounded measurable f , we have

(2.6)
∥∥∥ N∑
i=1

wiKf(Xi
K)− ⟨f, πK+1⟩

∥∥∥
L2(P )

⩽ ∥f∥∞δ , where wiK
def= w̃iK∑

j=1 w̃
j
K

.

Moreover, if µK+1,N is the empirical measure defined by

µK+1,N
def=

N∑
i=1

wiKδXi
K
,

then for every s > d/2

(2.7) E
∥∥µK+1,N − πK+1

∥∥2
H−s ⩽ Csδ

2 .

Remark 2.6 (Time complexity). In order to obtain samples that satisfy (2.6), one
has to simulate N realizations of T iterations of each of the chains P1, . . . , PK , and
so the time complexity is

O(NTK) =
64KCwt∞mix,1

δ2

(
4 + |log2 δ|

)
As mentioned earlier, when working with weighted samples it is important

to estimate the effective sample size (see (1.9)) and ensure that the weights don’t
concentrate on a few points. This can be done quickly from the variance bound (2.4).

Proposition 2.7 (Effective sample size). Let w1
K , . . . , wNK be the normalized weights

defined in (2.6). Then the sum of the squared weights satisfies

(2.8) E

N∑
i=1

(wiK)2 ⩽
8(4Cw + 1)

N
.
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Consequently, the expected effective sample size is bounded by

(2.9) E ESS(w1
K , . . . , w

N
K) ⩾ N

8(4Cw + 1) .

Before delving into the proofs, we now briefly discuss the assumptions and
implications of Proposition 2.5.

2.2. Relation to χ2-divergence. To understand the assumptions better, suppose
momentarily we were able to choose T =∞ in (2.1). In this case, the left hand side
of (2.1) better can be bounded in terms of the χ2-divergence between each of the
intermediate distributions.

Proposition 2.8. If T =∞ then the left hand side of (2.1) satisfies

(2.10)
K∏
k=1
∥P∞

k r2
k∥L∞ ⩽ exp

( K∑
k=1

χ2(πk+1;πk)
)

Recall the χ2-divergence appearing above is a commonly used measure of the dif-
ference between two distributions. Explicitly, for two distributions with densities p, q
the χ2-divergence is defined by

χ2(p; q) def=
〈p2

q2 − 1, q
〉
.

Let us now momentarily assume that πk’s are all Gaussian, with π1 ∼ N (0, Id)
and πK+1 ∼ N (0, εId). If we choose K = 1 then AIS reduces to a vanilla importance
sampling, and one can explicitly compute (see for instance Proposition 17.1 in [CP20])
that the right hand side of (2.10) is O(1/εd/2). This is comparable with a standard
rejection sampling cost, and is too large to be practical.

However, if we instead choose K = d/ε, then the right hand side of (2.10)
can be bounded independent of both ε and d. Thus, using AIS here with O(d/ε)
intermediate levels gives samples with variance O(1), which is a huge improvement.

Proposition 2.9. If the target distribution π is the Gaussian N (0, εId), then
choosing

K =
⌈
d

ε

⌉
,

choosing the temperatures {εk} so that εK+1 = ε and {1/εk}1⩽k⩽K are linearly
spaced, and choosing πk to be the Gaussian N (0, εkId) will ensure

(2.11)
K∏
k=1
∥P∞

k r2
k∥L∞ ⩽ C .

In this case, Proposition 2.4 with T = ∞ will yield a variance bound that is
independent of both ε and d.

The proof of Proposition 2.9 is elementary, and presented in Section 4.4, below.

3. Convergence results for Langevin AIS
3.1. Assumptions. In order to state the assumptions in Theorem 1.1 precisely,
we first describe the assumptions that are required on the potential U . In short,
we need the potential to be a regular, double-well function with wells of nearly
equal depth. The criterion that the wells have nearly equal depth is required for the
multimodal sampling problem to be non-degenerate in the sense that the mass in
each well remains bounded away from 0. These assumptions are the same as the
assumptions in [HIS26], which are explained in detail in [HIS26, Section 4.1]. We
quote them here for easy reference, and refer the reader to [HIS26] for a detailed
explanation and motivation.

Assumption 3.1. The function U ∈ C6∨(1+⌊d/2⌋)(Td,R), has a nondegenerate
Hessian at all critical points, and has exactly two local minima located at xmin,1
and xmin,2. We normalize U so that

0 = U(xmin,1) ⩽ U(xmin,2).

Define the saddle height between xmin,1 and xmin,2 to be the minimum amount
of energy needed to go from the global minimum xmin,1 to xmin,2. Explicitly, the
saddle height is

Û = Û(xmin,1, xmin,2) def= inf
ω

sup
t∈[0,1]

U(ω(t)).

Here the infimum above is taken over all continuous paths ω ∈ C([0, 1];Td) such
that ω(0) = xmin,1, ω(1) = xmin,2.

Assumption 3.2. The saddle height between xmin,1 and xmin,2 is attained at a
unique critical point s1,2 of index one. That is, the first eigenvalue of HessU(s1,2)
is negative and the others are positive.

The energy barrier, denoted by γ̂, is defined to be the minimum amount of energy
needed to go from the (possibly local) minimum xmin,2 to the global minimum xmin,1.
In terms of s1,2, the energy barrier γ̂ and the saddle height are given by

γ̂
def= U(s1,2)− U(xmin,2), and Û = U(s1,2) .

The ratio γ̂r is the ratio of the saddle height Û to the energy barrier γ̂, given by

(3.1) γ̂r
def= Û

γ̂
.

We recall the basin of attraction around xmin,i, denoted by Ωi, is defined by

Ωi
def=
{
y ∈ Td

∣∣∣ lim
t→∞

yt = xmin,i, where ẏt = −∇U(yt) with y0 = y
}
.

Assumption 3.3. There exists 0 ⩽ εmin < εmax ⩽∞, a constant Cm such that

inf
ε∈[εmin,εmax]

0<ε<∞

πε(Ωi) ⩾
1
C2
m

.
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Remark 3.4. For simplicity, we have assumed that U has only two wells. If U has
more than two wells, the techniques we use will still apply provided we impose a
non-degeneracy condition on U . The precise assumption is stated in Section 10
in [HIS26], and the required modifications to the proof are straightforward.
3.2. Convergence results for Langevin AIS. In this section we precisely state
the main result of this paper (Theorem 3.7, below, which is a generalization of
Theorem 1.1). We begin by stating bias and variance bounds for Algorithm 1.
Proposition 3.5 (Bias and variance bounds). Let U be a double well potential
that satisfies Assumptions 3.1–3.3, and let ε1 ∈ (εmin, εmax]. Let ν > 0 be a fixed
constant. There exists constants C̄w = C̄w(U, ν), and CT = CT (U) such that the
following holds. For any ε ∈ (εmin, ε1] choose

(3.2) K =
⌈

1
εν

⌉
and T > max

{
t∞mix,ε1

, CT

(1
ε

+ logK
)}

,

and choose ε2, . . . , εK+1 = ε so that {1/εk}1⩽k⩽K+1 are linearly spaced. Run Algo-
rithm 1 with this choice of parameters and obtain the point XK , and unnormalized
weight w̃K . Then, for all bounded measurable test functions f , we have the bias and
variance estimates ∣∣∣∣Ew̃Kf(XK)

Ew̃K
− ⟨f, πε⟩

∣∣∣∣ ⩽ 22−T/t∞mix,1∥f∥∞ ,(3.3)

Var
(
w̃Kf(XK)

Ew̃K

)
⩽ 4C̄w∥f∥2

∞ .(3.4)

Remark 3.6. We will shortly see that t∞mix,ε < ∞ for every ε > 0, but grows
exponentially with 1/ε as ε → 0. Choosing T > t∞mix,ε is of course impractical
when ε is small, however, the choice of T in (3.2) only requires T > t∞mix,ε1

, which is
practically tractable when ε1 is large.

Proposition 3.5 allows us to bound the error when we perform repeated indepen-
dent runs of Algorithm 1. This is the main result of this paper.
Theorem 3.7. Let U be a double well potential that satisfies Assumptions 3.1–3.3,
and let ε1 ∈ (εmin, εmax]. Given ν > 0, let C̄w, CT be as in Proposition 3.5. For
any δ > 0 and ε ∈ (εmin, ε1] choose

K =
⌈

1
εν

⌉
,

T > max
{
CT

(1
ε

+ logK
)
, (4 + |log2 δ|)t∞mix,ε1

}
,

N =
⌈

64C̄w
δ2

⌉
,

and choose ε2, . . . , εK+1 = ε so that {1/εk}1⩽k⩽K+1 are linearly spaced. Per-
form N independent runs of Algorithm 1 with these parameters and let (X1

K , w̃
1
K),

. . . , (XN
K , w̃

N
K) be the resulting points and unnormalized weights. Define the empir-

ical measure µN by (1.6). Then for every bounded test function f we have (1.7).
Consequently, for every s > d/2 there exists an explicit dimensional constant Cs
(independent of ε1, ε, ν, δ) such that (1.8) holds.

Remark 3.8 (Effective sample size). Proposition 2.7 and (3.4) immediately show
that the sum of the square of the normalized weights wi, . . . , wi (defined in (1.6))
is bounded above by

E
( N∑
i=1

w2
i

)
⩽

8
(
4C̄w + 1

)
N

.

Hence the effective sample size is bounded below by

E ESS(w1, . . . , wN ) ⩾ N

8
(
4C̄w + 1

) .
The proofs of Proposition 3.5 and Theorem 3.7 are in Section 5.

3.3. Convergence results for autonormalized Langevin AIS. We now consider
Algorithm 2, which is an auto-normalized version of Algorithm 1, where we re-
normalize the weights at every step. This is a generalization of Theorem 1.7 to more
general potentials.

Theorem 3.9. Let U be a double well potential that satisfies Assumptions 3.1–
3.3, and let ε1 ∈ (εmin, εmax]. Given α, δ, ν > 0, there exists constants CN (ν, U)
and ĈT (α, ν, U) such that the following holds. For any δ > 0 and ε ∈ (εmin, ε1],
choose

K =
⌈

1
εν

⌉
,(3.5)

T > ĈT

(
K(1+α)γ̂r + 1

ε
+ log

(
1
δ

)
+ log(N)

)
,(3.6)

N =
⌈
CN
δ2

⌉
K2 ,(3.7)

and choose ε2, . . . , εK+1 = ε so that {1/εk}1⩽k⩽K+1 are linearly spaced. (The
constant γ̂r in (3.6) is defined in (3.1).) Let {Xi

K , w̃
i
K}1⩽i⩽N be the N points and

normalized weights returned by Algorithm 2, with K + 1 levels, running time T , and
kernels {Pk}. For every bounded measurable f , we have

(3.8)
∥∥∥ N∑
i=1

wiKf(Xi
K)− ⟨f, πK+1⟩

∥∥∥
L2(P )

⩽ ∥f∥∞δ , .

Moreover, if µK+1,N is the empirical measure defined by

µK+1,N
def=

N∑
i=1

wiKδXi
K
,

then for every s > d/2,

(3.9) E
∥∥µK+1,N − πK+1

∥∥2
H−s ⩽ Csδ

2 .

As before, it is important to study the effective sample size. For AIS (Theorems 2.5
and 3.7) the bound for the effective sample size followed directly from the convergence
bound (see Proposition 2.7 and Remark 3.8). For the autonormalized version, we



8 AGARWAL, IYER, JAMESON, SON, AND WIMMER

first need to first bound the effective sample size in order to prove the convergence
bound in Theorem 3.9. We state this as our next result.

Proposition 3.10 (Effective sample size). Using the same assumptions and notation
as Theorem 3.9, there exists a constant C1 = C1(ν, ε1) such that for any k ∈
{1, . . . ,K} we have

(3.10) E

(
N∑
i=1

w2
k,i

)
⩽
C1C̄

2
w

N
,

where C̄w is the constant from Proposition 3.5. Consequently, the effective sample
size satisfies the lower bound

(3.11) E ESS(wk,1, . . . , wk,N ) ⩾ N

C1C̄2
w

.

The proofs of Theorem 3.7 and Proposition 3.10 are presented in Section 6.

4. Proof of convergence for AIS
4.1. Bias and Variance estimates (Proposition 2.4). To prove the bias esti-
mate (2.3) we first need an estimate on the unnormalized bias.

Lemma 4.1. If Assumptions 2.1 and 2.3 hold, then for any bounded measurable
function f , we have

(4.1)
∣∣∣∣E [w̃Kf(XK)]− ZK+1

Z1
⟨f, πK+1⟩

∣∣∣∣ ⩽ 2−T/t∞mix,1
ZK+1

Z1
⟨|f |, πK+1⟩.

Proof. For notational convenience, define

(4.2) B̃iasi(f) def=
∣∣∣∣E [w̃if(Xi)]−

Zi+1

Z1
⟨f, πi+1⟩

∣∣∣∣ .
Notice

B̃iasK(f) ⩽ B̃iasK(f+) + B̃iasK(f−),
and hence it suffices to establish (4.1) for non-negative functions f . Thus, without
loss of generality, we subsequently assume that f ⩾ 0.

Observe that the mean of the estimator can be rewritten as
E[w̃Kf(XK)] = E[w̃K−1(r̃Kf)(XK)](4.3)

= E
[
w̃K−1P

T
K(r̃Kf)(XK−1)

]
.

On the other hand, using reversibility, the corresponding true mean satisfies

(4.4) ZK
Z1
⟨PTK(r̃Kf), πK⟩ = ZK

Z1
⟨r̃Kf, πK⟩ = ZK+1

Z1
⟨f, πK+1⟩ .

Combining (4.3), (4.4), and the definition of the bias in (4.2), we obtain

B̃iasK(f) = B̃iasK−1
(
PTK(r̃Kf)

)
.

Iterating this identity down to level 1 yields
(4.5) B̃iasK(f) = B̃ias1

(
f̃2
)
,

where
f̃i

def= SiSi+1 · · ·SKf, Skh
def= PTk (r̃kh).

Next, observe that

E
[
w̃1f̃2(X1)

]
= PT1 (r̃1f̃2)(X0), ⟨r̃1f̃2, π1⟩ = Z2

Z1
⟨f̃2, π2⟩.

Since f ⩾ 0, positivity of Pk implies f̃2 ⩾ 0. Now Assumption 2.3 implies
B̃ias1(f̃2) = |PT1 (r̃1f̃2)(X0)− ⟨r̃1f̃2, π1⟩|(4.6)

⩽ 2−T/t∞mix,1⟨r̃1f̃2, π1⟩ = 2−T/t∞mix,1
Z2

Z1
⟨f̃2, π2⟩.

Moreover,
Z2

Z1
⟨f̃2, π2⟩ = Z2

Z1
⟨PT2 (r̃2f̃3), π2⟩ = Z3

Z1
⟨f̃3, π3⟩

= · · · = ZK
Z1
⟨f̃K , πK⟩ = ZK+1

Z1
⟨f, πK+1⟩.(4.7)

Combining (4.5), (4.6), and (4.7) yields (4.1), which completes the proof. □

Lemma 4.1 and Assumption 2.2 quickly yield Proposition 2.4.

Proof of Proposition 2.4. Applying (4.1) with the test function f ≡ 1, we obtain

(4.8)
∣∣∣∣Ew̃K − ZK+1

Z1

∣∣∣∣ ⩽ 2−T/t∞mix,1
ZK+1

Z1
.

Consequently, if T ⩾ t∞mix,1, then

(4.9) Ew̃K ⩾
1
2
ZK+1

Z1
.

Next, we estimate
|E [w̃Kf(XK)]−Ew̃K⟨f, πK+1⟩|

⩽

∣∣∣∣E [w̃Kf(XK)]− ZK+1

Z1
⟨f, πK+1⟩

∣∣∣∣
+
∣∣∣∣ZK+1

Z1
⟨f, πK+1⟩ −Ew̃K⟨f, πK+1⟩

∣∣∣∣
(4.1)
⩽ 2−T/t∞mix,1

ZK+1

Z1
⟨|f |, πK+1⟩+

∣∣∣∣Ew̃K − ZK+1

Z1

∣∣∣∣|⟨f, πK+1⟩|

(4.8)
⩽ 2 1−T/t∞mix,1

ZK+1

Z1
⟨|f |, πK+1⟩.(4.10)

Combining (4.9) and (4.10) yields the desired normalized bias estimate (2.3).
We now turn to the variance estimate (2.4). It suffices to prove the bound

(4.11) Var
(
w̃Kf(XK)

)
⩽

(
ZK+1

Z1

)2
Cw∥f∥2

∞.

Indeed, combining this with (4.9) immediately implies (2.4).
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To prove (4.11), observe that

Var
(
w̃Kf(XK)

)
⩽ E

[
w̃2
Kf(XK)2] ⩽ Ew̃2

K∥f∥2
∞

= E
[
w̃2
K−1r̃K(XK)2] ∥f∥2

∞

= E
[
w̃2
K−1P

T
K(r̃2

K)(XK−1)
]
∥f∥2

∞

⩽ Ew̃2
K−1 ∥PTK r̃2

K∥∞∥f∥2
∞.

Iterating this argument over k = 1, . . . ,K yields

(4.12) Var
(
w̃Kf(XK)

)
⩽

(
K∏
k=1
∥PTk r̃2

k∥∞

)
∥f∥2

∞.

Finally, we note that
K∏
k=1
∥PTk r̃2

k∥∞ =
(
ZK+1

Z1

)2 K∏
k=1
∥PTk r2

k∥∞
(2.1)
⩽ Cw

(
ZK+1

Z1

)2
.

Combining this with (4.12) proves (4.11), and hence (2.4). This completes the
proof. □

4.2. Convergence of the empirical measure (Theorem 2.5). We now use
Proposition 2.4 to prove Theorem 2.5.

Proof of Theorem 2.5. We first prove (2.6). Define

R
def= 1
N

N∑
i=1

w̃iK .

From the definition of wiK in (2.6), we have
1
N
w̃iK = RwiK .

Adding and subtracting the same quantity and applying the triangle inequality
yields, for any xi ∈ Rd,

(4.13)
∣∣∣ N∑
i=1

wiKf(xi)− ⟨f, πK+1⟩
∣∣∣ ⩽ I1 + I2,

where

I1
def=
∣∣∣ N∑
i=1

wiKf(xi)−
1

Ew̃1
K

N∑
i=1

RwiKf(xi)
∣∣∣,

I2
def=
∣∣∣ 1
Ew̃1

K

N∑
i=1

1
N
w̃iKf(xi)− ⟨f, πK+1⟩

∣∣∣.
We observe that

I1 =
∣∣∣1− R

Ew̃1
K

∣∣∣∣∣∣ N∑
i=1

wiKf(xi)
∣∣∣(4.14)

⩽
∣∣∣1− R

Ew̃1
K

∣∣∣∥f∥∞ =
∣∣∣ 1
N

N∑
i=1

( w̃iK
Ew̃iK

− 1
)∣∣∣∥f∥∞,

I2 =
∣∣∣ 1
N

N∑
i=1

( w̃iKf(xi)
Ew̃iK

− ⟨f, πK+1⟩
)∣∣∣.(4.15)

We recall that for any i.i.d. random variables (Yi)Ni=1 in L2(P ),

(4.16) E

[( 1
N

N∑
i=1

Yi

)2
]

= 1
N

Var(Y1) +
(
EY1

)2
.

Applying (4.13) with xi = Xi
K and combining (4.14), (4.15), and (4.16), we

obtain

(4.17)

∥∥∥∥∥
N∑
i=1

wiKf(Xi
K)− ⟨f, πK+1⟩

∥∥∥∥∥
L2(P )

⩽ I3 + I4,

where

I3 = ∥f∥L
∞

√
N

Var
( w̃iK

Ew̃iK

)1/2 (2.4)
⩽ ∥f∥∞

√
4Cw
N

,(4.18)

I4 = 1√
N

Var
( w̃iKf(Xi

K)
Ew̃iK

)1/2
+
∣∣∣E w̃iKf(Xi

K)
Ew̃iK

− ⟨f, πK+1⟩
∣∣∣(4.19)

(2.4),(2.3)
⩽

√
4Cw
N
∥f∥∞ + 2 2−T/t∞mix,1∥f∥∞.

Finally, choosing N and T as in (2.5) and combining (4.17), (4.18), and (4.19)
proves (2.6), as desired.

We now prove (2.7). The bound (2.7) follows quickly from (2.6), and the Fourier
representation of the Ḣ−s norm. Recall, if φ is a distribution in the homogeneous
Sobolev space H−s = H−s(Td), then the norm is equivalently defined by

(4.20) ∥φ∥2
Ḣ−s

def=
∑

n∈Zd−{0}

|⟨φ, en⟩|2

|n|2s
where en(x) def= e2πin·x .

Now, we note that for any n ∈ Zd − {0}, the bound (2.6) implies
E⟨µK+1,N − πK+1, en⟩2 ⩽ δ2 .

Thus

E∥µK+1,N − πK+1∥2 =
∑

n∈Zd−{0}

E
⟨µK+1,N − πK+1, en⟩2

|n|2s
⩽

∑
n∈Zd−{0}

δ2

|n|2s

⩽ Csδ
2 ,

where

Cs
def=

∑
n∈Zd−{0}

1
|n|2s

.

This concludes the proof. □
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4.3. The effective sample size (Proposition 2.7). We now prove Proposition 2.7
bounding the effective sample size. The bound follows from a more general fact
about normalized sums of nonnegative i.i.d. random variables.

Proof of Proposition 2.7. Let
{
ζ̃i
}

1⩽i⩽N be non-negative i.i.d. L2 random variables
with µ̃ = E

[
ζ̃1
]

and σ̃2 = Var
(
ζ̃1
)

and define

ζi = ζ̃i
SN

where SN =
N∑
i=1

ζ̃i .

We claim that we must have

(4.21) E

[
N∑
i=1

ζ2
i

]
⩽

8
(
σ̃2 + µ̃2)
Nµ̃2 .

Momentarily postponing the proof of (4.21), we now prove (2.8) and (2.9). Set-
ting ζ̃i = w̃iK and taking f ≡ 1 in (2.4) gives

σ̃2 ⩽ 4Cwµ̃2 .

Combining this with (4.21) yields (2.8) as desired. Using this and Jensen’s inequality,
implies the lower bound on the effective sample size in (2.9).

It remains to prove the claim (4.21). Let S̄N = SN/N . Then

E

[
N∑
i=1

ζ2
i

]
= NE

[
ζ̃2

1
S2
N

1{S̄N⩾ µ̃
2 }

]
+ E

[
1
S2
N

N∑
i=1

ζ̃2
i 1{S̄N<

µ̃
2 }

]

⩽
4
(
σ̃2 + µ̃2)
Nµ̃2 + P

[∣∣S̄N − µ̃∣∣ > µ̃

2

]
⩽

8
(
σ̃2 + µ̃2)
Nµ̃2 .

Here we used
∑N
i=1 ζ

2
i ⩽ 1 to obtain the first inequality, and then Chebyshev’s

inequality to obtain the second inequality. This concludes the proof. □

4.4. The χ2 divergence (Propositions 2.8 and 2.9). The proof of Proposi-
tion 2.9 is short and direct.

Proof of Proposition 2.8. Notice P∞
k r2

k = ⟨r2
k, πk⟩. Thus

K∏
k=1
∥P∞

k r2
k∥L∞ =

K∏
k=1
⟨r2
k, πk⟩ = exp

( K∑
k=1

ln⟨r2
k, πk⟩

)

⩽ exp
( K∑
k=1

(
⟨r2
k, πk⟩ − 1

))
= exp

( K∑
k=1

χ2(πk+1;πk)
)
,(4.22)

which proves (2.10). □

The proof of Proposition 2.9 is also a direct calculation.

Proof of Proposition 2.9. For the second assertion, the choice of temperatures de-
scribed in the statement reduces to choosing

(4.23) εk = εK

(k − 1)(1− ε) + εK
.

Since πk is the Gaussian N (0, εkId), the χ2 divergence can be computed explicitly.
Using, for instance Proposition 17.1 in [CP20]), we see

(4.24) χ2(πk+1, πk) =
(

ε2
k

2εkεk+1 − ε2
k+1

)d/2
− 1 .

To obtain (2.11), set

δk
def= 1− εk+1

εk
=
(1− ε
εK

)
εk+1 ,

and use (4.24) to obtain

(4.25) χ2(πk+1;πk) =
(

1 + δ2
k

1− δ2
k

)d/2
− 1 ⩽ Cdδ2

k+1 ⩽
Cdε2

k+1
ε2K2 .

Hence using (4.22), (4.23) and (4.25) we obtain
K∏
k=1
∥P∞

k r2
k∥ ⩽ exp

( K∑
1

Cd(
(k − 1)(1− ε) + εK

)2

)
⩽ exp

( Cd

εK − 1

)
⩽ C ,

proving (2.11) as desired. □

5. Proof of convergence for Langevin AIS
We now prove Theorem 3.7. We assume, without loss of generality, that the first

initial temperature ε1 = 1.

5.1. Proofs of Proposition 3.5 and Theorem 3.7. We prove Proposition 3.5 and
Theorem 3.7 by verifying that the transition kernels for (1.2) satisfy Assumptions 2.1–
2.3, and then use Proposition 2.4 and Theorem 2.5. The fact that Assumption 2.1
holds is well known. Checking Assumptions 2.2 and 2.3 require a little work and we
state them as the following lemmas.

Lemma 5.1. Let Pε,t be the transition kernel of (1.2) at time t. If U satisfies
Assumptions 3.1–3.2, then the uniform mixing time of P1 is finite (i.e. for ε1 = 1,
Pε1 satisfies Assumption 2.3).

Lemma 5.2. Let U be a double well potential that satisfies Assumption 3.1–3.3
with εmin < 1 ⩽ εmax. There exists constants C̄w = C̄w(U, ν) and CT = CT (U) such
that the following holds. For any ε ∈ (εmin, 1], choose K = ⌈1/(εν)⌉ and choose ε2,
. . . , εK+1 = ε so that {1/εk}1⩽k⩽K+1 are linearly spaced. Then, Assumption 2.2
holds with

(5.1) Cw = C̄w and T0 = CT

(
1
ε

+ logK
)
.

Given Lemmas 5.1 and 5.2, the proofs of Proposition 3.5 and Theorem 3.7 are
immediate.
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Proof of Proposition 3.5. It is well known (see for instance Chapter 8 in [Kol00],
or Chapter 4.6 in [Pav14]) that Pε,·, the transition kernel of (1.2), is reversible,
and πε is the unique stationary distribution. The choice of K in (3.2), and by
Lemmas 5.1–5.2, will now guarantee that Assumptions 2.1–2.3 are satisfied, with the
constants Cw and T0 given in (5.1). Therefore, Proposition 2.4 applies and yields
the bias and variance estimates (3.3)–(3.4). □

Proof of Theorem 3.7. As with the proof of Proposition 3.5 presented above, As-
sumptions 2.1–2.3 hold, with Cw and T0 as specified in (5.1). Consequently, Theo-
rem 2.5 applies and yields (1.7)–(1.8). □

It remains to prove Lemmas 5.1 and 5.2. Their proofs require certain spectral
estimates, which are described in Section 5.2. Following this, we prove Lemmas 5.1,
5.2 in Section 5.3.

5.2. Spectral decomposition. Let Lε, defined by

Lεf = −∇U · ∇f + ε∆f ,

be the generator of (1.2). We know that for any test function f , the action of Pε,t
on f satisfies the Kolmogorov backward equation (see for instance [Pav14, Chapter
2]). That is, if

ut(x) = Pε,tf(x) def=
∫
Td

Pε,t(x, dy)f(y) ,

then

(5.2) ∂tu = Lεu and u0 = f .

We now state certain spectral properties of (1.2) which will be used in the proofs
of Lemmas 5.1 and 5.2. Let L2(πε) denote the weighted L2 space with inner-product
and norm defined by

⟨f, g⟩L2(πε)
def=
∫
Td

fg πε dx and ∥f∥2
L2(πε)

def=
∫
Td

|f |2πε dx ,

respectively. It is well known (see for instance [Kol00, Chapter 8]) that the oper-
ator −Lε is a self-adjoint operator the weighted space L2(πε), and has a discrete
spectrum with positive eigenvalues. We denote the eigenvalues by

(5.3) 0 = λ1,ε < λ2,ε ⩽ λ3,ε · · · ,

and the corresponding L2(πε) normalized eigenfunctions by ψ1,ε, ψ2,ε, etc. We note
that the smallest eigenvalue λ1,ε is 0, and the second smallest eigenvalue λ2,ε is
strictly positive (i.e. Pε has a spectral gap). In fact, for the proof of Lemmas 5.1
and 5.2 the properties we need were collected in a convenient form in [HIS26] as
Properties 4.6–4.8. We quote the portions we need here for easy reference.

Property 5.3 (Eigenvalue bounds). For every H > Û , there exists a constant CH
such that for every ε ∈ (0, 1] we have

(5.4) λ2,ε ⩾ CH exp
(
−H
ε

)
.

Also, there exists Λ such that for all ε ∈ (0, 1] such that

(5.5) λi,ε ⩾ Λ, for all i ⩾ 3.

Property 5.4 (Eigenfunction variation). The function ε 7→ πε(Ω1) is of bounded
variation on the interval (0, 1]. Moreover, for every γ < γ̂, there exists a constant Cγ
such that for every 0 < ε′ < ε ⩽ 1 we have∣∣⟨ψ2,ε, πε′⟩

∣∣ ⩽ Cγ

(
exp
(
−γ
ε

)
+
∣∣πε′(Ω1)− πε(Ω1)

∣∣) .(5.6)

Property 5.5 (Eigenfunction bounds). There exists constant Cψ2 , independent
of ε such that

(5.7) sup
0<ε⩽1

∥ψ2,ε∥L∞(Td) ⩽ Cψ2 .

Under Assumptions 3.1–3.1, Section 9 in [HIS26] shows that Properties 5.3–
5.5 hold. To briefly discuss the significance of Properties 5.3–5.5, we note that
convergence of (reversible) Markov processes can effectively be studied using the
spectral decomposition (see for instance Chapter 12 in [LP17]). In particular, for
reversible Markov processes the rate of convergence is controlled both above and
below by the spectral gap, which in our case is simply λ2,ε.

For the Langevin system with a multimodal potential, the lower bound (5.4) is
sharp (see [Kol00, Chapter 8, Proposition 2.2], or [MS14]), and so spectral gap is
exponentially small. Thus sampling by simulating (1.2) directly, will necessarily
cost O(eÛ/ε), which is not desirable.

However, in our situation the third eigenvalue is large (i.e. bounded indepen-
dent of ε), as asserted by (5.5) in Property 5.3. This will give fast convergence
provided we control the projection onto the second eigenspace. Variants of this
idea have been used by several authors in many contexts to accelerate conver-
gence [CKRZ08, KLL+13, FI19]. A warm start to Langevin dynamics will also
control the projection on the second eigenspace, and this was recently used by
Koehler, Lee, and Vuong [KLV25] in a related multimodal sampling problem.

In [HIS26], the authors related the projection onto the second eigenspace as a
mass imbalance, and controlled it by resampling points with weights proportional to
the ratio of the densities. This is a standard technique used in sequential Monte
Carlo algorithms (see for instance [DdFG01,Liu08,CP20]), and is applicable in many
situations of practical interest. The disadvantage of this approach, however, is that
one loses independence of realizations, and as a result the estimates are harder to
obtain and weaker than in the i.i.d. case.

In our situation, we reweight points instead of resampling, and the variance
is controlled by the product (2.1) appearing in the constant Cw. That is, the
reweighting controls the error in terms of how fast the kernel Pεk

mixes r2
εk

. This in
turn is controlled by the projection onto the second eigenspace, which we will bound
using Properties 5.4 and 5.5 (see Lemma 5.7, below for the precise estimates).

We now use Properties 5.3–5.5 to prove Lemmas 5.1 and 5.2. We first control
the high order terms in the spectral decomposition, and then control the terms in
the product (2.1). These steps are stated as the next two lemmas.
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Lemma 5.6. Let ε > 0. Suppose there exist constants Λ1 > 0 and m ∈ N such that
λm,ε ⩾ Λ1. Then there exists a constant C̃ψ = C̃ψ

(
∥U∥C⌈d/2⌉∨2 , d,Λ1

)
, independent

of ε, such that for T0(Λ1) def= (d+ 2)/Λ1, and any T ⩾ T0,

(5.8)
∞∑
i=m

e−λi,εT ∥ψi,ε∥2
∞ ⩽ C̃ψZε min{ε, 1}−(d+1) exp

(
∥U∥∞
ε
− Λ1T

)
.

Lemma 5.7. Let C̃ψ be the constant from Lemma 5.6 with Λ1 = Λ from Property 5.3.
Let Cγ , Cψ2 be the constants defined as in Property 5.4 and 5.5, respectively. Then,
there exists a constant CZ(d, U) such that if

(5.9) T ⩾
1
Λ max

{
∥U∥∞

ε
+ logK +

(
d

2 + 1
)
|ln ε|+ log

(
C̃ψCZ

)
, d+ 2

}
,

then for each level k ∈ {1, . . . ,K},∥∥Pεk,T r̃
2
k

∥∥
L∞ ⩽

Zεk+2

Zεk

(
1 + 1

K

+ Cψ2Cγ

(
exp
(
− γ̂

2εk

)
+
∣∣πεk+1(Ω1)− πεk

(Ω1)
∣∣)) .(5.10)

Lemmas 5.6 and 5.7 are proved in Sections 5.5 and 5.4 respectively.

5.3. Proofs of Lemmas 5.1 and 5.2. We now use Lemmas 5.6 and 5.7 to prove
Lemmas 5.1 and 5.2. For the remainder of this section, we slightly abuse notation
and write Zk, πk, Pk,t, ψi,k, λi,k in place of Zεk

, πεk
, Pεk,t, ψi,εk

, λi,εk
.

Proof of Lemma 5.1. It suffices to prove that there exists T0 > 0 such that for
any f ∈ L1(π1),

(5.11) ∥P1,T0f − ⟨f, π1⟩∥L∞ ⩽
1
2∥f∥L

1(π1) .

Indeed, set ε = ε1 = 1, Λ1 = λ2,1, and m = 2 in Lemma 5.6. It follows that there
exists a constant Cε1 > 0 such that for any T ⩾ (d+ 2)/λ2,1,

∞∑
i=2

e−λi,1T ∥ψi,1∥2
∞ ⩽ Cε1 exp(−λ2,1T ) .

Then, using Hölder’s inequality yields

∥P1,T f − ⟨f, π1⟩∥L∞ =

∥∥∥∥∥
∞∑
i=2

exp(−λi,1T )⟨f, ψi,1⟩L2(π1)ψi,1

∥∥∥∥∥
L∞

⩽
∞∑
i=2

exp(−λi,1T )∥ψi,1∥2
L∞∥f∥L1(π1)

⩽ Cε1 exp(−λ2,1T )∥f∥L1(π1) .

Hence, choosing T0 = max{d+ 2, log(2Cε1)}/λ2,1 implies (5.11) and concludes the
proof. □

Proof of Lemma 5.2. Choosing

(5.12) CT = 1
Λ max

{
∥U∥∞ +

(d
2 + 1

)
+ log(C̃ψCZ), d+ 2

}
,

and T0 as in (5.1) implies that if T ⩾ T0 then (5.9) holds. Thus we may apply
Lemma 5.7 to obtain

(5.13)
K∏
k=1

∥∥Pk,T r̃2
k

∥∥
L∞ ⩽

ZK+1ZK+2

Z1Z2

K∏
k=1

Θ(k, k + 1) ,

where

(5.14) Θ(k, k + 1) def=
(

1 + Cψ2Cγ

(
exp
(
− γ̂

2εk

)
+ |πk+1(Ω1)− πk(Ω1)|

)
+ 1
K

)
.

By the AM-GM inequality this implies
K∏
k=1

∥∥Pk,T r̃2
k

∥∥
L∞ ⩽

ZK+1ZK+2

Z1Z2

( 1
K

K∑
k=1

Θ(k, k + 1)
)K

.

Since {1/εk} are linearly spaced between 1 and 1/ε, they are given by (4.23),
and hence

(5.15)
K∑
k=1

exp
(
− γ̂

2εk

)
⩽

e−γ̂/2

1− exp
(−γ̂

2 (ν − 1)
) def= Cgeom <∞ ,

where we note that Cgeom is an explicit constant that is independent of ε.
Moreover,

(5.16)
K∑
k=1
|πk+1(Ω1)− πk(Ω1)| ⩽

∫ 1

ε

|∂ε′πε′(Ω1)| dε′ .

Assumptions 3.1–3.3 and Lemma 8.2 in [HIS26] imply the existence of a constant
CBV > 0 such that

(5.17)
∫ 1

ε

|∂ε′πε′(Ω1)| dε′ ⩽ CBV .

Combining (5.15), (5.16) and (5.17) we obtain

(5.18)
(

1
K

K∑
k=1

Θ(k, k + 1)
)K

⩽

(
1 + Cψ2Cγ(Cgeom + CBV) + 1

K

)K
⩽ CΘ ,

where
Cθ

def= exp(Cψ2Cγ(Cgeom + CBV) + 1) .
Combining (5.13) and (5.18), together with the fact that

K∏
k=1

∥∥Pk,T r2
k

∥∥
L∞ = Z2

1
Z2
K+1

K∏
k=1

∥∥Pk,T r̃2
k

∥∥
L∞ ,

and ZK+2 ⩽ ZK+1, proves (2.1) with
□(5.19) Cw = 2CΘ .
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5.4. Proof of Lemma 5.7. To complete the proofs of Proposition 3.5 and Theo-
rem 3.7, it only remains to prove Lemmas 5.6 and 5.7. Since the proof of Lemma 5.7
is shorter, we present it first.

Proof of Lemma 5.7. Using (5.2) and the spectral decomposition of Lε, we have

Pk,T r̃
2
k = ⟨r̃2

k, πk⟩+ e−λ2,kT ⟨r̃2
k, ψ2,k⟩L2(πk)ψ2,k +

∞∑
i=3

e−λi,kT ⟨r̃2
k, ψi,k⟩L2(πk) ψi,k .

Notice

(5.20) ⟨r̃2
k, π̃k⟩ =

∫
Td

exp
(
−U
( 2
εk+1

− 1
εk

))
dx

(4.23)=
∫
Td

exp
(
−U
εk+2

)
dx = Zk+2 .

Similarly,

⟨r̃2
k, ψ2,k⟩L2(πk) = Zk+2

Zk
⟨ψ2,k, πk+2⟩ ,(5.21) ∣∣⟨r̃2

k, ψi,k⟩L2(πk)
∣∣ ⩽ ∥r̃2

k∥L1(πk)∥ψi,k∥L∞ ,(5.22)
and hence

(5.23) ∥Pk,T r̃2
k∥L∞ ⩽

Zk+2

Zk

(
1 + |⟨ψ2,k, πk+2⟩|∥ψ2,k∥L∞ +

∞∑
i=3

e−λi,kT ∥ψi,k∥2
L∞

)
.

We now estimate the second and third terms of the right hand side separately. For
the second term, using (5.7) and (5.6) for γ = γ̂/2 yields

(5.24) |⟨ψ2,k, πk+2⟩|∥ψ2,k∥L∞ ⩽ Cψ2Cγ

(
exp
(
− γ̂

2εk

)
+
∣∣πk+2(Ω1)− πk(Ω1)

∣∣) .
To estimate the third term, we first apply Lemma 5.6. Set ε = εk, Λ1 = Λ, and
m = 3 in Lemma 5.6. It follows that there exists a constant C̃ψ > 0, independent of
ε, such that for any

(5.25) T ⩾
d+ 2

Λ ,

we have

(5.26)
∞∑
i=3

e−λi,kT ∥ψi,k∥2
L∞ ⩽ C̃ψZkε

−(d+1)
k exp

(
∥U∥∞
εk

− ΛT
)
.

In particular, if T further satisfies

(5.27) T ⩾
1
Λ

(
∥U∥∞

εk
+ log

( C̃ψKZk
εd+1
k

))
,

then combining this with (5.26) yields

(5.28)
∞∑
i=3

e−λi,kT ∥ψi,k∥2
L∞ ⩽

1
K
.

Finally, we estimate the normalizing constant Zk. By the Laplace method (see
for instance [Kol00, Proposition B2]),

lim
ε→0

1
(2πε)d/2

√
|det∇2U(xmin,1)|

∫
Ω1

e−U/ε dx = 1 .

This implies that there exists a constant CZ(d, U) such that

Zε ⩽ CZ(d, U) ε d
2 , for all ε ∈ (0, 1] .

It follows that the choice of T in (5.9) ensures that T is sufficiently large to
satisfy (5.25) and (5.27), so that (5.28) holds. Combining (5.23), (5.24), and (5.28)
then yields (5.10). □

5.5. Proof of Lemma 5.6. We now address Lemma 5.6. We will bound the left
hand side of (5.30) by obtaining a uniform in i bound on ∥ψi,ε∥∞, and then bound
the sum using the asymptotic growth of the eigenvalues. We state this as our next
two lemmas.

Lemma 5.8. Define the Weyl function by

NLε(λ) = |{i ∈ N | λi,ε ⩽ λ}| =
∑

{i : λi,ε⩽λ}

1 .

where λi,ε are the eigenvalues of −Lε, ordered as in (5.3). There exists a constant
CW (∥U∥C2 , d) such that for any ε > 0 and λ > 0,

(5.29) NLε
(λ) ⩽ CW ε

− d
2 (1 + λ) d

2 .

Lemma 5.9. For any Λ1 > 0, there exists a constant CΛ1(∥U∥C1+⌊d/2⌋ , d,Λ1) > 0
such that for all ε > 0 and any eigenvalue λi,ε ⩾ Λ1, we have

(5.30) ∥ψi,ε∥2
L∞(Td) ⩽ CΛ1Zε exp

(∥U∥∞

ε

)(λi,ε
ε

)1+⌊ d
2 ⌋
.

Momentarily postponing the proofs of Lemmas 5.8 and 5.9, we now prove
Lemma 5.6.

Proof of Lemma 5.6. By Lemma 5.9, for any T ⩾ T0, we obtain
∞∑
i=m

e−λi,εT ∥ψi,ε∥2
∞

(5.30)
⩽ CΛ1Zε exp

(
∥U∥∞

ε

) ∞∑
i=m

(λi,ε
ε

)1+⌊ d
2 ⌋
e−λi,εT

⩽ CΛ1Zε exp
(
∥U∥∞

ε
− Λ1(T − T0)

) ∞∑
i=m

(λi,ε
ε

)1+⌊ d
2 ⌋
e−λi,εT0 .(5.31)

Next, we estimate the remaining term
∑∞
i=m λ

1+⌊ d
2 ⌋

i,ε e−λi,εT0 . Define

fT0(λ) def= λ1+⌊ d
2 ⌋e−λT0 , gT0(λ) def=

fT0

(Λ1
2
)
, λ ∈ [0, Λ1

2 ),

fT0(λ), λ ∈ [ Λ1
2 ,∞) .

Since λm,ε ⩾ Λ1 by assumption, we have
∞∑
i=m

λ
1+⌊ d

2 ⌋
i,ε e−λi,εT0 =

∞∑
i=m

gT0(λi,ε) ⩽
∑

{i : λi,ε⩾Λ1}

gT0(λi,ε)

⩽
∫ ∞

Λ1
2

gT0(λ) dNε(λ) .(5.32)
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Observe that fT0 is decreasing on [Λ1/2,∞) (since T0 ⩾ 2
Λ1

(1 + ⌊d2⌋)), and
therefore gT0 is decreasing on [0,∞). Consequently, for each t ∈ (0, gT0(0)), there
exists λt > 0 such that {gT0(λ) > t} = [0, λt). Combining this with Lemma 5.8
gives∫ ∞

0
gT0(λ) dNε(λ) =

∫ gT0 (0)

0
Nε({gT0(λ) > t}) dt =

∫ gT0 (0)

0
Nε([0, λt)) dt

(5.29)
⩽ CW ε

− d
2

∫ gT0 (0)

0

(
d

2

∫ ∞

0
1{λ<λt}(1 + λ) d

2 −1dλ+ 1
)
dt

⩽ CW ε
− d

2

(
d

2

∫ ∞

0
gT0(λ)(1 + λ) d

2 −1dλ+ gT0(0)
)

⩽ C ′
W ε

− d
2 ,(5.33)

where all constants depending on T0(Λ1, d), Λ1, and d have been absorbed into C ′
W .

Combining (5.31), (5.32), and (5.33), defining C̃ψ
def= CΛ1C

′
W , and using the fact

that T0Λ1 = d+ 2, we obtain (5.8). □

5.6. Proof of Lemmas 5.8 and 5.9. To finish the proof of Lemma 5.6 it remains
to prove Lemmas 5.8 and 5.9, which we do here. Lemma 5.8 can be obtained directly
from Weyl’s law (see for instance Chapter 17.5 in [Hör07], or [Ivr16,Sog17]) In our
context however, the operator Lε depends on ε, and we need asymptotic dependence
of the Weyl function as ε → 0. A similar result was used in [CFIN25], and we
present a proof here for convenience.

Proof of Lemma 5.8. Define the operator Uε : L2(Td, πε)→ L2(Td) by

Uεf = 1√
Zε
e−U/2εf .

Clearly
⟨f, g⟩L2(πε) = ⟨Uεf,Uεg⟩ ,

and so U is an isometry. Define the operator Hε by Hε
def= UεLεU−1

ε . We compute

−Hεf = −ε∆f +
(1

4 |∇U |
2 − 1

2∆U
)
f .

Thus Lε is unitarily equivalent to the operator Hε, and hence the operators Lε
and Hε have the same spectrum.

Next, for sufficiently large γ = γ(∥U∥C2) > 0, we see that the operator −Hε,γ
def=

−Hε + γI is a self-adjoint operator that satisfies the coercivity bound
ε⟨−∆f, f⟩L2 ⩽ ⟨−Hε,γf, f⟩L2 , ∀f ∈ L2 .

Thus, by the Courant–Fischer min-max principle, we have
ελk(−∆) ⩽ λk(−Hε) + γ ,

and this implies

NHε
(λ) ⩽ N∆

(λ+ γ

ε

)
⩽ C(d)

(λ+ γ

ε

) d
2
,

which completes the proof. □

We now turn to the proof of Lemma 5.9. This is a standard regularity estimate
for Lε (see for instance [Hör07]). In our situation however, the operator Lε, and
the weight πε both depend on ε, and our aim is to obtain the bound (5.30) with
the right ε-dependence. As a result, we present the proof here, keeping track of
the ε-dependence.

Proof of Lemma 5.9. For notational simplicity, let ψ be an eigenfunction of −Lε
with eigenvalue λ > Λ1, normalized so that ∥ψ∥L2(πε) = 1. We claim that for
every m ∈ N, there exists a constant Cm = Cm(∥U∥Cm , d,Λ1) such that

(5.34) ∥ψ∥2
Ḣm(πε) ⩽ Cm

(λ
ε

)m
.

Lemma 5.9 follows immediately from (5.34). Indeed, since ⟨ψ, 1⟩L2(πε) = 0, the
Sobolev embedding theorem and Poincaré inequality imply

(5.35) ∥ψ∥2
L∞(Td) ⩽ C(d)∥ψ∥2

Ḣm , for m = 1 +
⌊d

2

⌋
.

Also, since

∥ψ∥2
Ḣm =

∑
|α|=m

∫
Td

|Dαψ|2dx

=
∑

|α|=m

∫
Td

|Dαψ|2πεπ−1
ε dx ⩽ ∥ψ∥2

Ḣm(πε)∥π
−1
ε ∥∞ .(5.36)

Combining (5.34), (5.35), and (5.36) implies (5.30) as desired.
It remains to prove (5.34). We do this by induction on m. The base case

m = 0 is trivial since ∥ψ∥L2(πε) = 1 by assumption. Suppose now (5.34) holds for
some k = m.

Define lk = {α ∈ Nd − 0 | |α|ℓ1 = k}. Then, we see that

(5.37) ∥ψ∥2
Ḣk+1(πε) =

∑
α∈lk

d∑
i=1
∥Dα+eif∥2

L2(πε) .

We now fix α ∈ lk and compute
∑d
i=1∥Dα+eif∥2

L2(πε). Integrating by parts gives

(5.38) ∥Dα+eiψ∥2
L2(πε) = −

∫
Td

Dαψ∂2
iD

αψπεdx− I1 ,

where

I1 =
∫
Td

Dαψ∂iD
αψ∂iπεdx = 1

2

∫
Td

∂i(Dαψ)2∂iπεdx = −1
2

∫
Td

(Dαψ)2∂2
i πεdx .

Combining this with (5.38) and summing over i in (5.37) produces

(5.39)
d∑
i=1
∥Dα+eiψ∥2

L2(πε) = I2 + I3 ,

where

(5.40) I2 = −
∫
Td

DαψDα(∆ψ)πεdx and I3 = 1
2

∫
Td

(Dαψ)2∆πεdx .
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We first compute I2. Since ψ is an eigenfunction of Lε we note

(5.41) I2 = λ

ε

∫
Td

(Dαψ)2πεdx−
1
ε
I4 ,

where

I4 =
∫
Td

Dα(∇U · ∇ψ)Dαψπεdx .

By considering the case when the differential operator Dα is completely exhausted
by hitting ∇f or not, we can split the integral into two parts. Namely,

I4 = I5 + I6(5.42)
where

I5 =
∫
Td

∇U · ∇(Dαψ)Dαψπε and I6 = I4 − I5 .

Integrating I5 by parts gives

I5 = −
∫
Td

∆U(Dαψ)2πεdx− I5 −
∫
Td

∇U · ∇πε(Dαψ)2dx ,

and consequently,

(5.43) I5 = −1
2

∫
Td

(∆Uπε +∇U · ∇πε)(Dαψ)2dx .

Combining (5.39), (5.40), (5.41), (5.42), and (5.43), we get

(5.44)
d∑
i=1
∥Dα+eiψ∥2

L2(πε) = λ

ε
∥Dαψ∥2

L2(πε) −
1
ε
I6 + 1

2εI7 ,

where

I7 =
∫
Td

(∆Uπε +∇U · ∇πε + ε∆πε)(Dαψ)2dx .

We know πε is a stationary solution to the Kolmogorov forward equation
L∗
επε = ∆Uπε +∇U · ∇πε + ε∆πε = 0 .

Hence I7 = 0.
Moreover,

I6 =
∑
β<α

(
α

β

)∫
Td

(Dα−β∇U) · (Dβ∇ψ)Dαψπεdx ,

and by using Cauchy–Schwartz, induction hypothesis, and the fact that |β| ⩽ k − 1,

|I6| ⩽
∑
β<α

(
α
β

)
∥U∥C1+|α−β|∥ψ∥Ḣ|β|+1(πε)∥ψ∥Ḣk(πε)

⩽ C(k, ∥U∥Ck+1 , d,Λ1)∥ψ∥2
Ḣk(πε) .(5.45)

Combining (5.37), (5.44), and (5.45) yields

∥ψ∥2
Ḣ2

k+1(πε) ⩽ C(k, ∥U∥Ck+1 , d,Λ1)
((λ

ε

)k+1
+ 1
ε

(λ
ε

)k)

⩽ C(k, ∥U∥Ck+1 , d,Λ1)
(λ
ε

)k+1
,

where we used the lower bound λ ⩾ Λ1 and increased C(k, ∥U∥Ck+1 , d,Λ1) appro-
priately to obtain the last inequality. This concludes the proof. □

6. Proof of convergence for Autonormalized AIS
We will now prove Theorem 3.9. As before we assume without loss of generality

that ε1 = 1. Let U be a double well potential that satisfies Assumptions 3.1–3.3
for some εmin < 1 ⩽ εmax. Let ν > 0 be a fixed constant, K, T0, and C̄w be
as Lemma 5.2. To prove Theorem 3.9, we will need to bound the product of
both ∥PTk r2

k∥∞ and ∥PTk r
−2
k ∥∞. This is a little stronger than Assumption 2.2 which

is all that was needed for the proof of Theorem 3.7. This is our first lemma.

Lemma 6.1. There exists a constant C1(ν, ε1) such that for every T ⩾ T0 we have

(6.1)
K∏
k=1

(
1 ∨ ∥PTk r2

k∥L∞∥PTk r−2
k ∥L∞

)
⩽ C1C̄

2
w .

Proof. Similar to (5.20), (5.21), and (5.22) we compute

∥r̃−2
k ∥L1(πk) = ⟨r̃−2

k , πk⟩ = Zk−2

Zk
,

⟨r̃−2
k , ψ2,k⟩L2(πk) = Zk−2

Zk
⟨ψ2,k, πk−2⟩ ,∣∣⟨r̃−2

k , ψi,k⟩L2(πk)
∣∣ ⩽ ∥r̃−2

k ∥L1(πk)∥ψi,k∥L∞ .

Next we claim that the similar to (5.6), we also have a bound on
∫
Td ψ2,ε′πε dx.

Explicitly, we claim

(6.2)
∣∣⟨ψ2,ε′ , πε⟩

∣∣ ⩽ Cγ

(
exp
(
−γ
ε

)
+
∣∣πε′(Ω1)− πε(Ω1)

∣∣)
for every 0 < ε′ < ε ⩽ 1, and some (possibly larger) constant Cγ that is independent
of ε, ε′. The proof of this is almost identical to the proof of (5.6) presented in Section
9 of [HIS26] and we do not reproduce it here.

Following the proof of Lemma 5.7, and using (6.2) in place of (5.6) for the second
estimate in that proof, we obtain a bound for r̃−2

k similar to (5.10). Explicitly, for
the constant Cψ2 in Property 5.5, and for any T satisfying (5.9), we have

∥∥Pk,T r̃−2
k

∥∥
L∞ ⩽

Zk−2

Zk

(
1 + CγCψ2

(
exp
(
− γ̂

2εk

)
+ |πk+1(Ω1)− πk(Ω1)|

)
+ 1
K

)
.

Combining this estimate with (5.10), we obtain∥∥Pk,T r2
k

∥∥
L∞

∥∥Pk,T r−2
k

∥∥
L∞ ⩽

Zk−2Zk+2

Z2
k

Θ(k, k + 1)2,

where Θ is defined in (5.14).
Since {1/εk} are linearly spaced,∫

Td

e−U/εk dx =
∫
Td

e−U/(2εk−2)e−U/(2εk+2) dx
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and so the Cauchy–Schwartz inequality implies

Z2
k ⩽ Zk−2Zk+2 .

Hence

min
{
Zk−2Zk+2

Z2
k

,Θ(k, k + 1)
}

⩾ 1,

and so
K∏
k=1

(
1 ∨ ∥PTk r2

k∥L∞∥PTk r−2
k ∥L∞

)
⩽
Z−1Z0

Z1Z2

ZK+1ZK+2

ZK−1ZK

(
K∏
k=1

Θ(k, k + 1)
)2

(5.18)
⩽ C1(ν)C2

Θ.

Finally, choosing T0 as in (5.1) (with the same choice of CT in (5.12)), choosing
C̄w as in (5.19), and using the previous estimate show that (6.1) holds for any T ⩾ T0.
This concludes the proof. □

Next we prove Proposition 3.10, showing that the effective sample size is at
least N/(C1C̄

2
w).

Proof of Proposition 3.10. For notational convenience, in this proof we use wk,i to
denote the weights wik returned by Algorithm 2. We first note that by the definition
of wk,i and W̃k in Algorithm 2, we can use the ratio of the normalized densities rk,
instead of that of the unnormalized densities r̃k, because the same normalizing
constant Zk+1/Zk appears in both the numerator and the denominator. Explicitly,
we note

wk,i = wk−1,ir̃k(Xi
k)

W̃k

= wk−1,irk(Xi
k)

Wk
, where Wk =

N∑
i=1

wk−1,irk(Xi
k) .

By Jensen’s inequality applied to the convex function x 7→ 1/x2, we obtain

1
W 2
k

= 1(∑N
i=1 wk−1,irk(Xi

k)
)2 ⩽

N∑
i=1

wk−1,i

r2
k(Xi

k)
.

Hence,
N∑
i=1

w2
k,i = 1

W 2
k

N∑
i=1

w2
k−1,ir

2
k(Xi

k)

⩽

(
N∑
j=1

wk−1,j

r2
k(Xj

k)

)(
N∑
i=1

w2
k−1,ir

2
k(Xi

k)
)

=
N∑
i=1

w3
k−1,i +

N∑
i=1

∑
j ̸=i

w2
k−1,iwk−1,j r

2
k(Xi

k)r−2
k (Xj

k) .(6.3)

Let Ek−1 denote the conditional expectation with respect to the σ-algebra
generated by {wk−1,i, Xk−1}1⩽i⩽N . Applying Ek−1 to both sides of (6.3), and using

the conditional independence of Xi
k and Xj

k for j ̸= i, we obtain

Ek−1

[
N∑
i=1

w2
k,i

]

⩽
N∑
i=1

w3
k−1,i +

N∑
i=1

∑
j ̸=i

w2
k−1,iwk−1,j Ek−1

[
r2
k(Xi

k)
]

Ek−1
[
r−2
k (Xj

k)
]

=
N∑
i=1

w3
k−1,i +

N∑
i=1

∑
j ̸=i

w2
k−1,iwk−1,j

(
PTk r

2
k

)
(Xi

k−1)
(
PTk r

−2
k

)
(Xj

k−1)

⩽
(
1 ∨ ∥PTk r2

k∥L∞∥PTk r−2
k ∥L∞

) N∑
i=1

w2
k−1,i.

Taking expectations on both sides and iterating gives

E

[
N∑
i=1

w2
K,i

]
⩽

(
K∏
k=1

1 ∨ ∥PTk r2
k∥L∞∥PTk r−2

k ∥L∞

)
N∑
i=1

w2
0,i.

= 1
N

(
K∏
k=1

1 ∨ ∥PTk r2
k∥L∞∥PTk r−2

k ∥L∞

)
,(6.4)

where the last equality holds because w0,i = 1/N .
By increasing ĈT , if necessary, the choice of T in (3.6) ensures that T ⩾ T0.

Therefore, Lemma 6.1 applies, and (6.1) holds, and (6.4) implies (3.10) as desired.
The bound (3.11) then follows from (3.10) and Jensen’s inequality. □

It remains to prove Theorem 3.9. To this end, we introduce the following notation.
For every bounded test function h, and every 1 ⩽ k ⩽ K, define

Errk,T (h) = ∥⟨h, µk,T − πk⟩∥L2(P ) ,

Errk+1,0(h) = ∥⟨h, µk+1,0 − πk+1⟩∥L2(P )

where

µk,T
def=

N∑
i=1

wik−1δXi
k

and µk+1,0
def=

N∑
i=1

wikδXi
k
.

We first state and prove the following lemma that connects the error before and
after the reweigting.

Lemma 6.2. For any 1 ⩽ k ⩽ K,
(6.5) Errk+1,0(h) ⩽ ∥h∥L∞Errk,T (rk) + Errk,T (rkh)

Proof. Fix x1, x2, . . . , xN ∈ Td and define the normalization constant Rk and the
updated weight wik by

Rk
def=

N∑
i=1

wik−1rk(xi) , and wik =
wik−1rk(xi)

Rk
.

Adding and subtracting the same term and using the triangle inequality, we obtain
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(6.6)

∣∣∣∣∣
N∑
i=1

wikh(xi)− ⟨h, πk+1⟩

∣∣∣∣∣
⩽

∣∣∣∣∣
N∑
i=1

wikh(xi)−Rk
N∑
i=1

wikh(xi)

∣∣∣∣∣+

∣∣∣∣∣
N∑
i=1

wik−1rk(xi)h(xi)− ⟨h, πk+1⟩

∣∣∣∣∣ .
The first term can be estimated by

(6.7)

∣∣∣∣∣
N∑
i=1

wikh(xi)−Rk
N∑
i=1

wikh(xi)

∣∣∣∣∣ ⩽ |1−Rk|∥h∥∞ ,

and hence combining (6.6), (6.7), the fact that ⟨rk, πk⟩ = 1 and ⟨rkh, πk⟩ = ⟨h, πk+1⟩,
and substituting Xi

k for xi yield (6.5). □

Next, we state four lemmas required for the proof of Theorem 3.9. Their proofs
are identical or closely follow those in [HIS26], and are therefore omitted. For
convenience, we indicate in each statement the corresponding result in [HIS26].

Lemma 6.3 (Lemma 4.10, [HIS26]). Assume that for each k ∈ {2, . . . ,K}, the law
of X1

k has density qk. Then for any bounded test function h and 2 ⩽ k ⩽ K,

Errk,T (h) ⩽ e−λ2,kT
∣∣⟨hψ2,k, πk⟩

∣∣Errk,0(ψ2,k)

+ E
[ N∑
i=1

w2
k−1,i

] 1
2 ∥h∥∞ +

√
N
∥∥∥qk−1

πk

∥∥∥ 1
2

∞
e−ΛT ∥h∥∞ .

Lemma 6.4 (Lemma 4.12, [HIS26]). For any α > 0, there exist constants Cα =
Cα(α,U) > 0 (depending on α) and ĈN = ĈN (U, ν) > 1 (independent of α) such
that for any δ > 0, if

(6.8) N ⩾ ĈN
K2

δ2 , T ⩾ Cα

(
K(1+α)γ̂r + 1

ε
+ log

(
1
δ

)
+ log(N)

)
,

then for each 2 ⩽ k ⩽ K − 1, we have

(6.9) Errk+1,0(ψ2,k+1) ⩽ βkErrk,0(ψ2,k) + ck .

Here, the constants βk, ck are such that for every k ∈ {2, . . . ,K − 1}, we have
K−1∏
j=k

βj ⩽ Cβ ,

ck ⩽
δ

K
,

for some dimensional constant Cβ > 1 (independent of α, δ).

Lemma 6.5 (Lemma 4.11, [HIS26]). For every 2 ⩽ k ⩽ K, let qk be the probability
density function of X1

k . For any T̂0 > 0, there exists a constant Cq = Cq(U, T̂0) such
that if T ⩾ T̂0, then ∥∥∥qk−1

πk

∥∥∥
∞

⩽ Cq exp
((

1
ε
− 1
)
∥U∥∞

)
.

Lemma 6.6 (Lemma 4.13, [HIS26]). There exists a constant Ĉ1 = Ĉ1(U) such that
for any δ > 0 and

(6.10) N ⩾
ĈN
δ2 , T ⩾ Ĉ1

(
log
(

1
δ

)
+ 1 + log(N)

)
,

we have

(6.11) Err2,0(ψ2,2) ⩽ δ .

Here, ĈN is the same constant defined in Lemma 6.4.

Proof of Theorem 3.9. Let Cβ be as in Lemma 6.4, and define

Cr = 1 ∨
(

max
1⩽k⩽K

∥rk∥∞

)
.

Fix δ > 0 and set δ̃ def= δ
8CβCr

. Fix α > 0 and suppose that

N ⩾
max

{
ĈN , C1C̄

2
wC

−2
β

}
δ̃2

K2 ,(6.12)

T ⩾ max
{
Cα

(
K(1+α)γ̂r + 1

ε
+ log 1

δ̃
+ logN

)
,

Ĉ1

(
log 1

δ̃
+ 1 + logN

)
, CT

(
1
ε

+ logK
)
,

1
2Λ
∥U∥∞

ε
+ 1

Λ log
(
C

1/2
q

δ̃

√
N

)
, 1
}
,

(6.13)

where C̄w, CT are as in Lemma 5.2, C1 is as in Lemma 6.1, Cα and ĈN are as in
Lemma 6.4, Cq = Cq(U, 1) is as in Lemma 6.5, and Ĉ1 is as in Lemma 6.6. In
particular, choosing ĈT and CN in (3.6) and (3.7) sufficiently large ensures that
the lower bounds in (6.12) and (6.13) are satisfied. Moreover, with this choice
of N and T , N is sufficiently large to satisfy (6.8) and (6.10) with δ = δ̃ and T is
sufficiently large to satisfy T ⩾ max{T0, 1}, (6.8), and (6.10) with δ = δ̃. Hence,
Proposition 3.10 holds, Lemmas 6.4 and 6.6 hold with δ = δ̃, and Lemma 6.5 holds
with T̂0 = 1.

Using Lemmas 6.2, 6.3, and Proposition 3.10, we obtain that for any bounded
test function h,

ErrK+1,0(h)

⩽

(
ErrK,0(ψ2,K) + C

1
2
1 C̄w√
N

+
√
N
∥∥∥qK−1

πK

∥∥∥1/2

∞
e−ΛT

)
∥rK∥∞∥h∥∞ .(6.14)

We estimate the terms on the right hand side separately. Applying (6.9) for every
2 ⩽ k ⩽ K − 1, together with (6.11), yields

ErrK,0(ψ2,K) ⩽
(
K−1∏
j=2

βj

)
Err2,0(ψ2,2) +

K−2∑
k=2

ck

(
K−1∏
j=k+1

βj

)
+ cK−1(6.15)
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⩽ Cβ δ̃ +
K−2∑
k=2

Cβ
δ̃

K
+ δ̃

K
⩽ 2Cβ δ̃ = δ

4Cr
.

Moreover,

(6.16) C
1
2
1 C̄w√
N

(6.12)
⩽ Cβ δ̃ = δ

8Cr
.

Finally, using Lemma 6.5, we obtain

(6.17)
√
N
∥∥∥qK−1

πK

∥∥∥1/2

∞
e−ΛT ⩽

√
NC1/2

q exp
(∥U∥∞

2ε − ΛT
) (6.13)

⩽ δ̃ ⩽
δ

8Cr
.

Combining (6.14), (6.15), (6.16), and (6.17), we obtain

ErrK+1,0(h) ⩽ δ

Cr
∥h∥∞∥rK∥∞ ⩽ δ∥h∥∞ ,

which completes the proof of (3.8). Equation (3.9) directly follows from (3.8) as in
the proof of (2.7) in Theorem 2.5. □
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