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ABSTRACT. Consider a random initial vorticity wo(z) = ZnEZQ and(x —n),
where ¢ is bounded and compactly supported and {a,} are independent,
uniformly bounded, mean 0, variance 1 random variables (i.e. wg is an array
of randomly weighted vortex blobs). We prove global well-posedness of weak
solutions to the Euler equations in R? for almost every such initial vorticity.
The main contribution of our work is the construction of a corresponding initial
velocity field that grows slowly at infinity, which enables us to apply a recent
well-posedness result of Cobb and Koch.

1. Introduction

The Euler equations govern the evolution of the velocity field of an ideal, incom-
pressible fluid, and are given by

{atu+u-w+vp=o in (0, +00) x R?

1.1
(1) V-u=0
Here u represents the fluid velocity, and p is the pressure. Our aim is to study these
equations when the initial vorticity wy = curlug is an array of vortex blobs with
random weights. Explicitly, we suppose

(1.2) wo(z) = Z anp(xz —n)

nez?

in [0, +00) x R%.

where ¢ is a bounded compactly supported function, and {a,} are independent,
uniformly bounded, mean 0, variance 1 random variables. The main result (Theo-
rem 2.1, below) shows global well-posedness of the Euler equations for almost every
such initial vorticity.

The motivation for studying this problem stems from the desire to understand the
generic interaction of vortices, a long standing problem in the theory of turbulence.
A well studied phenomenon is the energy cascade: three dimensional fluid flows tend
to mix by filamentation and transfer energy to higher frequencies. High frequencies
are rapidly dissipated by the viscosity and the balance between these phenomenon
leads to a characteristic power-law energy spectrum [Fri95, Obu49, Cor51, Kol41].
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In two dimensions, the energy cascade is qualitatively different. Fluids tend to
transfer energy to lower frequencies leading to a phenomenon known as the inverse
cascade [KM80, Cho94, Way11, GWO05]. Physically, one manifestation of the inverse
cascade is vorter coalescence — the tendency of vortices to coalesce into a smaller
number of larger vortices. One of the main goals in the study of two-dimensional
turbulent flows has been to understand and explain this inverse cascade and its
connection with vortex coalescence.

The problem studied in this paper is motivated by the above phenomenon.
Several turbulence theories capture generic fluid behavior by combining the evolution
equations with statistical models, see for instance [Kupl1] and references therein. In
this spirit, we study the “generic” interaction of vortices by starting with an array of
vortex blobs with random weights, and evolving this configuration by the (unforced)
incompressible Euler equations (1.1). We note that, if the vortex weights a,, are
independent and identically distributed, then the initial vorticity (1.2) is statistically
invariant under the action of Z2. This is a step towards understanding spatial white-
noise initial vorticity, which is a physically meaningful problem. (We also mention
that our result is different in flavor from the results of [AC90, Flal8, CS18], where
the authors study solutions with low regularity and construct invariant measures.)

Presently, the main physical implication of our result (Theorem 2.1, below) is
about velocity growth. Reconstructing the initial velocity field from the vorticity wg
involves understanding the (linear) interaction of the vortex blobs. The slow decay
of the Biot—Savart kernel allows for long range interaction of the vortex blobs and
may cause linear growth of the initial velocity field. However, since the weights {ay}
are mean 0 and independent, there is a lot of cancellation in the interaction. We
use this to construct an initial velocity field that grows slower than any positive
power (in a certain integrated sense). A recent result of Cobb and Koch [CK24]
shows that this growth condition is preserved by the flow, and that (1.1) is globally
well-posed. We remark that the cancellation in the interaction in fact shows that
the initial velocity field grows slower than the square-root of a logarithm on average
(see Remark 3.2, below), but this is not guaranteed to be preserved by the flow.

To explain the significance of this, and highlight the main mathematical difficulties
involved, we briefly recall a few relevant results concerning the well-posedness of
solutions to (1.1) for bounded vorticity. When the initial vorticity is both bounded
and integrable, the velocity is a priori bounded and the well-posedness of (1.1) is
now classical [Maj86,Jud63]. There are, however, a number of physical reasons to
study (1.1) when the vorticity is merely bounded, and allow the velocity field to
be unbounded. This arises, for instance, in natural examples (e.g. Couette flow,
which have a constant vorticity and a linearly growing velocity), or rigid rotations /
hurricanes, where the velocity field grows linearly with the distance from the center,
and in the context of oceanic flows far away from the coastline.

The study of merely bounded vorticity flows also poses a number of interesting
mathematical challenges. Serfati [Ser95] (see also [AKLL15]) studied (1.1) when the
initial velocity and the initial vorticity are both bounded. Brunelli [Brul0] studied
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the case where the velocity may grow like a square-root, but required an integral
decay condition on the vorticity. Without a decay assumption on the vorticity, the
first result allowing growth on the velocity was by Cozzi [Coz15]. The logarithmic
growth allowed in [Coz15] was then improved to a nearly square-root growth by
Cozzi and Kelliher in [CK19]. In a deep and innovative recent work [CK24], Cobb
and Koch prove a global well-posedness result in a Morrey-type space which allows
for nearly-square root growth of the initial velocity.

For linearly growing velocity fields, with no further restrictions, one can produce
a simple and explicit example showing ill-posedness. In this case well-posedness
was proved in [EJ20] by requiring discrete rotational symmetry, and in [CW21] by
imposing a bound on the pressure at infinity. To the best of our knowledge, even
local well-posedness of (1.1) with bounded vorticity, and allowing the velocity field
to grow like a square-root, or faster, is largely open.

In the context of our work, given the initial vorticity (1.2), consider a (random)
incompressible velocity field ug for which curluy = wg. Such a velocity field is
unique up to the addition of the gradient of a harmonic function. This velocity
field may grow at infinity, and if the growth is like a square-root or faster, then
well-posedness of (1.1) is unknown.

The growth of the velocity field is governed by the (linear) interaction of the
vortex blobs in (1.2). For simplicity, suppose ¢ is the indicator function of the unit
square [0,1)2, and suppose {ay} are +1 valued random variables. If all the signs
align on a large enough region (like a sector), it will force the velocity field ug to
grow linearly at infinity. On the other hand, if the signs change frequently, there may
be a lot of cancellation, and one may be able to find an initial velocity field vy which
grows very slowly, or even remains bounded. In this paper we settle this question by
producing a velocity field whose growth at infinity is (almost surely) slower than any
positive power-law growth (in a Morrey-type sense). The Cobb—Koch result [CK24]
will now imply both global well-posedness of (1.1), and that the slow initial growth
of the velocity field is preserved for all time by the non-linear evolution of (1.1).

Plan of this paper. The remainder of this article is divided into three sections.

In Section 2 we introduce some notation and state our main result. In Section 3 we
present its proof. In Section 4 we obtain logarithmic bounds for the decorrelation
scale of the initial velocity, we observe that the solutions we obtain with initial
vorticity of the form wg(z/e) vanish as ¢ — 0 and we formulate related open
problems.

Acknowledgements. The authors wish to thank Nathan Glatt-Holtz, Daniel
Rodriguez Marroquin and Vlad Vicol for helpful discussions.
2. Main Result.

We begin by stating our main result. For simplicity, we consider initial vorticity
of the form

(2.1) wo = Y anlg,

nez?

where Qp & [0,1)? is the unit square, Q,, = n 4+ Qo, and {a,} are random weights.

Theorem 2.1. Suppose {a,} are uniformly bounded, independent, random variables
all of which have mean-zero and variance 1. For almost every initial vorticity wg
defined by (2.1), there exists a (random) velocity field ug € L3 _(R?) such that the
following hold.
(1) The distributional derivative of ug satisfies divug = 0 and curl ug = wo.
(2) There exists a unique weak solution of the 2D FEuler equations (1.1) with
u(0) = ug such that for every a € (0,1/2) we have

(2.2) u € Lig,([0,00); L3(R?)),  w e L=([0,00); L¥(R?)),
and, also, the far field condition,
(2.3) u(t) —u(0) € S, .

The space L2 appearing in (2.2) is a non-homogeneous, local Morrey space, in
the terminology of [CK24]. In contrast to the traditional Morrey spaces [Ste93], the
space L2 captures growth at infinity, and not local regularity. Precisely, for a > 0,
the norm in L2 (R?) is defined by

of 1
£l 2 mey = sup WHJCHL%BR) ;

where B & {z € R?||z| < R}. Clearly any function for which |f(z)| < C(1+ |z|*)
belongs to L2 (R?). (Here, and throughout this paper, we use C' to denote a constant
that may change from line to line.)

The space §;, in (2.3) is the Chemin space of homogeneous tempered distributions
(see [Che04]) defined as follows. Fix y € C2°(R?) such that y =1 in By, 0 < x < 1,
and assume that the support of y is contained in the ball By. Then:

Sy ={f e8| x(A\D)f 22> 0in S'}.

Above, D is the multiplier operator with symbol €.
Lastly, recall from [CK24] the notion of weak solution used in Theorem 2.1.

Definition 2.2. Let « > 0 and T > 0. We say u € L2 ([0,7); L2/(R?)) is a weak
solution of the 2D Euler equations (1.1) with initial velocity ug € L2(R?) if the
following hold.

(1) We have divu =0 in D'((0,T) x R?).

(2) For every @ € [C2°([0,T) x R?)]? such that div® = 0 it holds that

T
/ /(u-8t¢+u~[(u-V)@])dxdt+/ ug(x) - (0, z) dx = 0.
0 R2 R2

Remark 2.3 (Uniqueness of ug). By standard elliptic regularity, any velocity field ug
satisfying condition (1) in Theorem 2.1, with bounded vorticity, will be continuous.
If we additionally fix ug at a point, and require uy € L? for some a < 1, then this ug
is unique.

Remark 2.4 (Growth of ug). We will, in fact, construct ug so that it grows like the
square-root of a logarithm, on average. Explicitly Proposition 3.1, below, will imply
that there exists a constant C' > 0 such that for every x € R? we have

Elug(z)|> < Cln(e + |2|) .
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This growth bound is expected to be optimal for reasons we elaborate on in Re-
mark 3.2, below, but does not imply an almost sure bound of the form |ug(z)|? <
C'ln(e + |z|) for some (random) constant C'.

Remark 2.5 (More general initial vorticity). The proof of Theorem 2.1 applies in the
following more general situation. Suppose D C R? is a compact domain and {¢, |
n € Z?} is a family of uniformly bounded functions that are all supported in D. As
before let {a,, | n € Z?} be a family of independent, uniformly bounded, mean 0
variance 1 random variables. If instead of (2.1) we define wy by

wo(z) = Z andn(x —n),
nez?
then Theorem 2.1 will still hold for this wg. All that is needed in the proof of
Theorem 2.1 is that the velocity field associated with the vortex blobs {¢, } satisfies
a uniform log-Lipschitz decay bound in the form of (3.9) below. The proof of (3.9)
provided in Appendix A for a vortex patch on the unit square can readily be adapted
to this setting.

Ezxample 2.6. This example illustrates the limitations of the well-posedness theory
currently available for non-decaying weak solutions. Instead of using unit square
vortex patches to construct wp, suppose we used infinite strips. Explicitly, consider
the initial vorticity defined by

wo =Y anls,

nez
where S,, = [n,n+ 1) X R is a strip, and {a, } is a family of independent, uniformly
bounded, mean 0, variance 1 random variables. In this case we can construct an
incompressible ug with curl ug = wg explicitly, using shear flows. Indeed, one can
readily verify that that the desired velocity field ug is given by

0
24 ug(x) = _
( ) 0( ) (an(ﬂfl 7 77,) + Zzzé a
This is of course a stationary solution to the Euler equations (1.1).
Since Z’f_l a is a random walk after n steps, the above formula for ug shows
that |ug(x)| = O(|z1|*/?) as |z1| — co. This falls outside the scope of the available
existence theory, and as a result, we do not know if the stationary solution ug is the

unique weak solution to (1.1) in L7 /2 More interestingly, if we used a deterministic
‘1 /2

) for 1 € [n,n+1).

bounded perturbation of the strips {S,}, we would still expect the |z growth

as |z| — 0o, but we would not have the luxury of the explicit stationary solution (2.4).

In this case even existence of a solution is not guaranteed by available results.

3. Proof of Theorem 2.1

As mentioned earlier, to prove existence of solutions to the Euler equations (1.1)
with bounded initial vorticity, we need to ensure that the corresponding initial
velocity does not grow too rapidly. We will produce an initial velocity field ug such
that, with probability 1, ug € L2 for every a > 0, and then use the Cobb—Koch
theorem [CK24] to obtain Theorem 2.1.

At first sight, constructing ug might seem easy: simply use the Biot—Savart law.
That is let K be the Biot—Savart kernel given by

i
(3.1) K(z)= ﬁ where z = (21,25) € R?, and 2zt = (—29,21),
and define
(32) Uy = K x wo -

When wy € L (R?)NL>®(R?), we know V+-ug = wp. (Here we used the notation V+-
ug = curlug = d1ug — dauq.) Unfortunately, this does not work in our situation as
we only know wy is bounded, not integrable. In this case K does not decay rapidly
enough for the convolution in (3.2) to be convergent, and the construction of wug
requires a little finesse. This is is the content of the next proposition.

Proposition 3.1. There exists a random velocity field ug such that, with probabil-

ity 1, ug € LE (R?), and the distributional derivative of ug satisfies
(3.3) Veoug=0 and V*-ug=wo, in Hy,(R?).
Moreover, for every p € [1,00) we have
1
(Bluo () — uo(y)l”)*

Cplz —yl(1 +In" |z — y]) 1/2
3.4 <2 In(e + |z| + ,
(3.4 S (e -+ ol + 191)
where In" (z) = —min{0,Inz}. The vector field ugy is unique up to addition of
constants.

Remark 3.2 (Optimality). Translating ug so that uo(0) = 0, setting p =2 and y =0
in (3.4) immediately gives the square-root log growth bound

(3.5) Elug(z)]* < Cln(e + |z|).

The following argument suggests that the upper bound (3.5) may be optimal. For
any square of side length 7, the probability of having wy = 1 on this square is 2-7.
Thus if we consider a region of size n227, it is likely we will see an n x n square on
which wy = 1. The velocity in this n x n square should grow linearly (like a rigid
rotation) as we approach the center. This suggests that in a region of size n22"* the
velocity should grow by n, which in turn implies |u(x)| grows like v/In|z| as |z] — oo.
This heuristic indicates that (3.5) may be optimal.

We prove Proposition 3.1 in the next two subsections, and then we prove Theo-
rem 2.1.

3.1. Existence of an initial velocity. As observed earlier, one can not directly
construct uy using the Biot—Savart law (3.1). Alternately, one can attempt to
construct ug as a linear combination of the velocity field associated to the vortex
patch on the unit square [0, 1]2. That is, we use the Biot-Savart law to define

T — )t
(3.6) U($>:K*1Qo($):2l7r/Q wdy.
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Since @ is compact, (3.6) is well defined and gives a bounded incompressible
velocity field v for which V+ - v = 1p,. By linearity and translation invariance, one
would expect

(3.7 uo(x) = Z apv(z +n)

nez?
to be the desired velocity field for which (3.3) holds. However, it is easy to see that
1
v(x+n
o) &

which does not decay fast enough to ensure convergence of the sum in (3.7).

We overcome this obstacle through a renormalization: we subtract a constant
vector field from each term in (3.7) to obtain faster decay of each term, without
affecting the validity of (3.3). Explicitly, define

(3.8) up(z) = Z an(v(z+n)—v(n)).

Using the Biot—Savart law it is easy to show (see Lemma 3.3, below) that
C(x)
lv(@ +n) —v(n)| = TrpP
Hence the sum in (3.8) diverges absolutely at every point, which may appear

discouraging. The fact that a,,’s are chosen independently, however, provides the
additional cancellation needed to ensure that the right hand side of (3.8) converges

on average, in a sense that will be made precise shortly. To carry out the details,

we state a lemma concerning the decay of the velocity field v.

Lemma 3.3. For every x,y € R? the velocity field v defined by (3.6) satisfies the
log-Lipschitz bound

(3.9) lvo(z) —v(y)| <

Here L(x,y) is defined by

Clz —y|(1 + L(z,y))
(14 |z[)(1 + Jyl)

L((E, y) = 1{96,3/63@0} 1n_|x - y|
where 3Qy denotes the concentric triple of Q.
The proof of Lemma 3.3 is relatively standard and is presented in Appendix A

for completeness. Notice (3.8) and independence of the random variables {a,}
immediately implies
Elug(x Z|vx+n —w(n)]?.
nez?

Lemma 3.3 implies that |v(x 4+ n) — v(n)|? decays like 1/|n|*, which is summable
in Z2. Thus for every z € R?, we have E|ug(z)|?> < oo, and hence the sum on the
right of (3.8) converges (conditionally) almost surely. The event on which this sum

converges, however, may depend on z. Since there are uncountably many = € R?,
some care has to be taken to ensure ug is defined in a meaningful way almost surely.

The standard approach is to construct a continuous modification & la Kolmogorov—
Censtov [KS91]. While this can likely be accomplished in our situation, it is more
convenient to find ug in L2 _(R?) as opposed to pointwise. Of course, if ug € LZ(R?)
almost surely, standard elliptic regularity and (3.3) will imply wug is also continuous
almost surely.

To construct ug, let (2, F, P) be the probability space on which the random
variables {a,} are defined. Let £? be the Fréchet space of jointly measurable
functions on 2 x R? defined by the countable family of semi-norms

def
= E|ulizp,) = E lu(x)|* dz,

2
||U||L2(QxBN)
lz|<N

for N e N.
Lemma 3.4. The series in (3.8) converges in L.

Proof. We first show that for every N € N, the partial sums of the series in (3.8)
are Cauchy in L?(Q2 x By). For this for every n € Z? define

(3.10) vn(z) = v(xz +n) —v(n).
For any My, Ms € N with 3 <

g AnUn

Mi<|n|< M2

M, < Ms, we note

2 2

(3.11) H dz

= E’ ApUp,
My <|n|< M

L2(QxBy)
Since the a,,’s are independent with mean 0 and variance 1 we know

0 m#n,
1 m=n.

E(amay) = {

Using this in (3.11) implies

QXBN) B

Mi<|n|< M2
<C

v, |? d
N Mlg\n|<M2

|z

de.
1+ |z +n))20+n)2 ™"

By Ml<|n\<M

The last inequality above followed from (3.9) and the fact that L(z 4+ n,n) = 0
as n € 3Qo. Consequently

O | > o
(3.12) H Antn <
M << Mo L2QXBN)  An<ml<Ms (1+[n| = N)2(1 + n[)?
Since
> ; <
oy (L4 |n| = N)2(1 + [n])? ’
|n|>N

the right hand side of (3.12) can be made arbitrarily small by making M; and Mo
sufficiently large. This shows the partial sums of the right hand side of (3.8) are
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Cauchy with respect to each of the semi-norms |[|-||z2xpy). This immediately
shows the series in (3.8) converges in £2, concluding the proof. (I

In light of Lemma 3.4, the function ug is a jointly measurable function on Q x R,

and hence it’s slices must almost surely be in L (R?). Combined with separability

of H;!(R?) this will imply the identities in (3.3).
Lemma 3.5. There exists a null set N C Q such that on N¢ the function ug
satisfies (3.3).

Proof. Let v, be the functions defined in (3.10). We first claim that for any
(deterministic) test function ¢ € C2°(IR?), there exists a null set N, (depending
on ) such that on NV we have

(3.13) Z an/ vncpdasf/ upp dr .

n€ez?

To prove this choose R > 0 to be large enough so that supp(¢) C Bg. By Fubini’s
theorem we know the integral fR2 ugp dx is defined almost surely, and is a square
integrable random variable. Next, for any N € N, N > 3, we note

E(/ ugp dxr — Z / anvngod:r *E/ Z anv”(pdx)Q
RQ

[n|<N [n|>N
2
< |Bg| E( Z anvn> ©? dx
Br o Npn>n
R4 N—oo
<CIBrlleli~ > ; ; 0.
2 T fa[ = RP2(1+ )

This immediately implies the existence of a null set NV, such that (3.13) holds on N, e

Now choose a countable set of (deterministic) smooth, compactly supported
functions {y, | k € N} which are dense in the dual space H, !(R?)". For each k € N,
the above argument and (3.13) imply that there exists a null set A such that on N
we have

—/ ug - V* ppdr = — Zan/ v,V Wkdx—Zan

nez? nez?

- Up i dx

(3.14) = / WoPk -
]RQ

Using Lemma 3.4 find a null set A such that ug € L _(R?) on the complement
Let N = UpsoNx UN'. On N¢, we note ug € L (R?) and hence V*-ug € Hy, ! (R?).
Moreover, (3.14) shows that for every k € N we have

Vl-uogokd;v:/ woprdr on N€.
R2

Since V*+-ug € Hy,, (RQ) and {¢y,} is dense in H,! (R?), this implies that V*-ug =
wo in HL(R?). A similar argument shows V-ug = 0 in H, ! (R?), thereby concluding
the proof. 0

3.2. Growth of the initial velocity (Proposition 3.1). We are now in a position
to prove Proposition 3.1. By Lemmas 3.4 and 3.5 we already have (almost sure)
existence of a divergence free velocity field ug with V- 1y = wy. The main point of
Proposition 3.1, however, is to ensure the growth bound (3.4), which will, in turn,
be the key to establishing an almost sure L2-norm estimate for ug, needed to apply
the Cobb-Koch well-posedness theorem.

Proof of Proposition 3.1. Lemma 3.5 shows almost sure existence of an incompress-
ible velocity field ug € L{ (R?) that satisfies (3.3). It remains to prove (3.4). Since
the sum in (3.8) is convergent, we see

uo(w) —uo(y) = )

n€Z?

an(v(z +n) —v(y +n)).

Using Khintchine’s inequality (see for instance Section 2.6 in [Ver18]), this implies
for every p € [1,00) there exists a constant C), such that

(Elug(z) — uo(y)|p)2/p <Gy Z lo(x 4+ n) —v(y 4+ n)|?
nez?

(3.9) , - )
(3.15) < Cplz —yl (1 +In" |z —y[)"S(z,y),

where

def 1
St = Z (1 +[n =221+ [n —y))?

We will now bound the sum S(z, y) by partitioning Z? into five regions. Without
loss of generality we assume |z| < |y|, and divide the analysis into two cases.

Case I: |z — y| = |y|/2. Define the sets Ay, ..., A5 by
2 Izl
(3.16a) Ay {n Y/ ’ [n| 5 }
(3.16b) Ay = {n €72 ’ In| > 2| |}
(3.16¢) Ay = {n S/ ’ In— 2| < U}
4
(316(1) A4={n€Z2—A1—A2—A3‘|n—y|<%}
4
(3168) A5 = ZQ — U Az .
i=1
Clearly for all n € A; we have
(3.17) [n — x| > J2l and |n—y| > ]
2 2
and so

o C|Aq| C
S+ T L[y

1
D D e IS

neA;
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Next for all n € Ay we have

(3.19) In— x| > |—;L| and |n—vy| > @
and so
1 C / dz
< — < C _—
"’521;2 (L+n =22+ [n - y))” In;y 1+ [n[* z1>20y 1+ 2[4
C
3.20 <= .
o2 1+ [yf?
Next for n € A3 we note

(3-21) |n_y|>|y—x|—|n—x|>%,

and so

L+ n =221+ In—y[)* = 14yl ). gzt 1+ [z —2f2

n€As
Cln(e+ |z|)

3.22 _—

522 T
The sum in Ay is handled similarly to the sum in A3 and gives

1 Cln(e + |y|)
3.23 < .
(3:29) D e e T EA wa T
neAy
Finally, for n € A5, we note
(3.24) |n—z| > % and |n—y| > % ,
and hence
1 C|A C(ly]* = |=|?
e 2 Ol OOy )
2 W aDP Ay S T S ()

Combining (3.18), (3.20), (3.22), (3.23) and (3.25) shows

Cln(e +Jyl) _ Clu(e+ )
T+l " 1+fe -yl
where the last inequality follows from the fact that |z — y| < 2|yl

(3.26) S(z,y) <

Case II: |z — y| < |y|/2. The analysis in this case is very similar to the previous
case, except we need to change the sets Az, Ay and As. Let Ay, Ay be as in (3.16a)
and (3.16b) respectively, and define

(3.27a) Ag:{HEZQ—Al—AgMn—ﬂg|z;y‘}
(3.27b) AQ:{nEZQ—Al—AQ—Ag‘\n—y\g|x;y|}
(3.27c) AL =72 —A) — Ay — Ay — A

For n € A we note

|z -yl

|n_y|> 9 ’

and so

I+[n—aD)2(+In—y)? = 1T+]e -yl Jpcizgm (142 —a])?

ne€Aj

Cln(e + [z — y))
(A +Jz—y)?* -
The bound on A is similar and gives the exact same bound as (3.28).
Finally, for n € A we note that both
[z —y|
2

(3.28) <

lz -y

and |n—y|> 5

In — x| >

and so
16145 _ C(lyl> ~ |of?)

1
(3.29) HEZA,S I+n—z)20+|n—y)? S Q+le—y)* ~ QA+ |z—y)*"

Combining (3.28), and (3.29) shows
Cln(e+ |z —y|) o Cln(e+ |y|)
Ltz —yl> = 14z —yP’
where the last inequality followed from the assumption |z — y| < |y|/2.
Using (3.26) and (3.30) in (3.15) yields (3.4), completing the proof. O

(3.30) S(x,y) <

3.3. Proof of global well-posedness (Theorem 2.1). We now prove Theorem 2.1.
As mentioned earlier, for global well-posedness of the Euler equations in R2, one
needs both bounded initial vorticity, and a growth condition on the initial velocity.
We emphasize that, while (3.5) provides a bound on the growth of El|ug|?, it does
not guarantee an almost sure bound on the growth of ug. That is, the bound (3.5)
does not directly imply the existence of a (random) constant C', with P(C < oc0) = 1,
such that, for every = € R?, we have the pointwise bound

Juo(2)* < Cln(e + |z]) .
The bound (3.5), however, does imply growth bounds that are averaged in space.

Indeed, Proposition 3.1 will imply ug € L? almost surely, after which the Cobb—Koch
well-posedness result [CK24] will yield Theorem 2.1.

Proof of Theorem 2.1. We recall the result in [CK24, Theorem 1], establishing the
existence and uniqueness of a global weak solution of the Euler equations provided
the initial data belongs to L2 for some «a € [0,1/2), and the initial vorticity is
bounded. In our case, the boundedness of vorticity is immediate. Indeed, the
random variables a,, are all uniformly bounded by assumption, and so

Joollzoe < maxlan =) < o0

We will now show that for every a > 0, Proposition 3.1 implies that ug € L? almost
surely.
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To see this, let R > 1, and o > 0 be arbitrary. Observe

1 / 2 |uo()? |uo ()|
- o] dxgc/ w@E <o [ LW g
R*20 ) <r wj<r 1+ |z[*F2e Rz 1+ |zf?+2e

Thus

1 |uo (z)[?
EHUO”LQ —Esup R2+204/ |u0|2dl' CE/ de

3.5
(<)C/ In(e + |m|)
R

X 21+|x‘2+20d$<00.

This implies El[ugl/zz < oo and so [[ugl|zz is finite almost surely. Thus Theorem 1
in [CK24] applies to almost every realization of ug, and this implies global well-
posedness as desired. O

4. Decorrelation and Scaling

4.1. Decorrelation. In our setting we note that the initial vorticity has a dis-
tinguished length scale: points that are more than a distance of v/2 apart have
independent vorticities. The velocity, however, is obtained in a linear but non-local
manner from the initial vorticity. Moreover, the Biot—Savart kernel decays slowly
and so the influence of each vortex patch is felt on a large region. As a result,
the velocity experienced by points that are large distances apart may be highly
correlated. We now show that the covariance of the velocity fields at two different
points grows logarithmically with the distance. This is the same order of magnitude
as (3.5), suggesting that the velocity may not decorrelate even over large scales. An
interesting question, that goes beyond the scope of the present work, is to find at
positive times ¢t > 0 a distinguished length scale of the vorticity, or the decorrelation
of the velocity.

Proposition 4.1 (Decorrelation bounds). For every x,y € R? we have

Ed Iyl}
—yl > Lt
Y| max{ 5 5
= FEup(y) = 0 and hence

Y W +n) —v(n)) - (v(y +n) —v(n))

nez?

(3.9)
(4.1) < Clallyl(1+ I~ [2)(1+ 1" [y]) Y Fulx,y),

nez?

<Cla(e+ |z —y|), provided |z

[cov(uo(@), uo(y))]
Proof. Using (3.8), we note Eug(x)

W) = Euo(z) - uo(y) =

|cov(ugp(x), ug

where

def ].

We now bound Y F,,(z, y) by dividing Z? into five regions. Without loss of generality
we assume |z| < |y|.

Let Ai, ..., As be as in (3.16a)—(3.16e). For n € A; we use (3.17) and obtain
Z Fo(z,y) C / dz < Cln(e + |z|) .
neAr S A+ eD+ 1D etz (T[22 S T+ a1+ [y])

Next for n € As we use (3.19) and obtain

dz C
C/ <
z1z2y) (L 12D* (1 +[yl)?

For n € A3 we use (3.21) and the fact that |n| > |z|/2 to obtain

Z F.(z,y) ¢ / dz c
ey S TP ) o ai<lzl T+ ]2 ST+ DA+ )

The bound for the sum in Ay is similar and gives

3 Flo) < G
neAy
Finally for A5 we use (3.24) to obtain
Z Fo(y) C / dz
= (L4 |zD@ + [y]) Szl gpzi<apy (14 [2])?
C(In(1 4+ 2[y[) — In(1 + |z]/2)) C'ln(e + |y|)
- (L+ [z[)(T+ [y]) S )@+ )

Combining the above, and using the fact that |y| <

C’ln(e + |z —yl|)
F,(x,y) .
2 A+ D1+ Jy)

Using this in (4.1) concludes the proof. O

2|z — yl|, we obtain

4.2. Scaling. The initial vorticity chosen in (2.1) has a characteristic length scale
of order 1. We now investigate what happens to this under rescaling. Let € > 0

define
def x def x
o(@) = wol d up= ( )
w(x) = wo ( 5 ) and uj = euy 5

where wy is defined by (2.1), and ug is defined by (3.8). Using (3.4) and a direct
calculation we obtain

E||lui||3: < Ce?|Ine =90,

Moreover, using an argument similar to that in Section 3.1 we can show that,
almost surely, for every o > 0, u§ is in the L2-closure of C°(R?). Since w§ are
uniformly bounded in L® we may apply strong continuity of the solution map (given
by [CK24, Theorem 1]) to conclude that for every t > 0, we have u®(t) — 0 in L?
ase — 0.

An interesting question, that goes beyond the scope of the present work, is to
find a scaling of the initial vorticity that gives a non-trivial limit as e — 0.

We add a final remark. As we point out in the introduction, an initial vorticity of
the form (1.2), with i.i.d. a,’s, is statistically periodic, in the sense that the process
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used to generate it is Z2-invariant. This means that the random vorticity field is
statistically homogeneous at large scales. However, the corresponding velocity law is
not Z2-invariant, and the velocity is not asymptotically (statistically) homogeneous.
Deterministically, periodic vorticity generates periodic velocity if and only if it has
integral zero over any given period. Our vorticity has integral zero, statistically, but
random imbalances on the mass of vorticity of the blobs build up when repeated and
create, at large scales, the slow decorrelation decay and logarithmic growth of the
velocity which we observed. Therefore, we cannot expect the weak solution obtained
to retain Z2-invariance, or the vorticity to remain statistically homogeneous at large
scales, unless other dynamic mechanisms come into play. This should be investigated
in future research.

Appendix A. A log-Lipschitz bound on v

It is well known that a bounded compactly supported vorticity has a log-Lipschitz
velocity. The reason we state Lemma 3.3 here is because we need the fact that,
away from the support of the vorticity, the velocity field is in fact Lipschitz and not
only log-Lipschitz. The proof follows standard techniques and is only presented here
for completeness.

Proof of Lemma 3.3. Let K be the Biot—Savart kernel (3.1) and recall the elemen-
tary identities

Llazb o d K@ =2,

(A1) K (a) — K(b)] = a

- 2m allb]

valid for any a, b € R2?, a # b.
Let x, y € R?, and divide the analysis into cases.

Case I: x € R? —3Qy and y € R? —3Qy. Let w € Qy, so that |w| < v/2. Then,
since |x| > 3v/2 and |y| > 3v/2, it follows that

(1+ y]).

N | =

1
(1 +[z]) and [y — w| >

\x—w|>§

Therefore, using also (A.1),

[o(z) — v(y)] = ] [ =)~ Ky = w)e
1

eyl
< — — 7 _dw
21 Jo, v —wlly — w|
c2 lr—yl
7 (L4 |z[)(1+ |yl)
_ Cle—yl(L+ L(z,p)
(L+]zD@+Jyl) 7

since L(x,y) >0 .

Case II: either x € 3Qq and y € R? — 3Qq or x € R? — 3Qq and y € 3Q,. Without
loss of generality assume that x € 3Q and y € R? —3Qq. Note that, for any w € Q,

we find .
ly =l > 51+ [y and fo — w| < 4V3.

Then, once again using (A.1), we have
1 [z —yl
v(z) —o(y)| < —/ ——dw
o) o < 5 [ et
< 1]z -yl 1
T 1+ |yl J{je—w<avay |2 — 0
lz—y|l _ Clz—y|l(1+ L(z,y))
1+ |yl I+ |zD(X +[y])

Case III: z, y € 3Qy. This case is classical but, for completeness’ sake, we include
the proof. We split (Jy into Qo1 U Qo,2, where

dw

dae _w
@02 fuwcule-> E5M

e _w
Qo,2d_f{weQ0||x—y|<|y2|}-

If w e Qo1 then |y —w| < 2|z —y| and, also, |z —w| < 3|z —y|. If w € Qo2 then
|z —w| > w and, also, |y — w| < 4v/2. Therefore,

0(a) — v()] = ]/Qou«(x—w) —K(y—w))dw\ <A+B

where

Qo,1

ALY [ (|K(z—w)|+|K(y—w)|)dw and Bdéf/Q | K (z—w)—K(y—w)|dw.

Let us estimate the term A:

A= . (1K (z —w)| + [K(y — w)|)dw

< / 70 dw —|—/ 70 dw
{lz—w|<3la—yl} [T — W] {ly—w|<2lz—yl} [V — wl

Clz —y|(1 + L(z,y))
(14 [z[)(1 + [y])

SClz -yl <
Next we analyze B:

1 —
Bé/ |K(x—w)—K(y—w)|dw</ —de
Qo,2 Qo,2 27 |z — wlly — w
1

< Clo —y ﬁdw
Qo2 1Y — w|

1
(2le—yI<ly—w|<ava) 1Y — W]

= Clz — y|(In(2v2) — In|z — y])
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Cle —y|(1 + L(z,y))
(L4 [z))(1 + [y])

|z — vy
~ ~
L+ |yl

O
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